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CHAPTER  I 


INTRODUCTION 

Beginning  With  the  works  by  Wiener  (1938)  and  Ito  (1951),  the  notion 
of  multiple  stochastic  integrals  (m.s.i.)  has  been  a  useful  tool  in  ap¬ 
plied  and  theoretical  areas  of  Probability  and  Statistics,  and  several 
efforts  have  been  made  to  build  a  general  theory. 

The  purpose  of  the  first  part  of  this  thesis  (Chapters  2  and  3)  is 
to  define  the  symmetric  tensor  product  measure  (s.t.p.m.)  and  use  this 
concept  systematically  to  construct  multiple  stochastic  integrals.  The 
latter  will  be  obtained  as  integrals  w.r.t.  appropriate  product  stochas¬ 
tic  measures  (p.s.m.).  The  concept  of  symmetric  tensor  product  measures 
is  central  to  the  construction  of  product  stochastic  measures. 

In  Chapter  II  of  this  work  we  develop  the  theory  of  tensor  and  sym¬ 
metric  tensor  products  of  orthogonally  scattered  measures.  It  turns  out 
that  the  different  powers  (in  the  symmetric  tensor  product  sense)  of  the 
s.t.p.m. 's  are  orthogonal  and  take  values  in  a  common,  appropriately  de¬ 
fined  (exponential)  Hilbert  space.  Then  we  construct  multiple  integrals 
with  respect  to  the  s.t.p.  measure  using  the  theory  of  integration  w.r.t. 
vector  valued  measures  as  developed,  for  example,  in  the  book  by  Dunford 
and  Schwartz  (1958) . 

In  Chapter  III  we  apply  the  results  of  the  previous  chapter  to  study 

symmetric  tensor  product  stochastic  measures  and  multiple  stochastic  inte- 

2 

grals  of  dependent,  non-identically  distributed  L  -valued  independently 
scattered  measures.  We  identify  the  appropriate  exponential  Hilbert  space 


2 


which  is  the  common  range  for  the  s.t.p.  stochastic  measures  and  m.s.i.  of 
different  orders.  We  investigate  the  Gaussian  and  Poisson  situations  sep¬ 
arately  since  a  more  general  treatment  is  possible  for  these  cases.  We 
show  that  the  symmetric  tensor  product  measure  approach  includes  the  usual 
multiple  Wiener  and  Poisson  integrals  defined  by  Ito  (1951)  and  Ogura 
(1972)  respectively,  as  well  as  the  multiple  Wiener  integrals  with  depen¬ 
dent  integrators  of  Fox  and  Taqqu  (1984).  This  establishes  a  clear  rela¬ 
tionship  between  the  theory  of  multiple  stochastic  integrals  and  the  theory 
of  vector  valued  measures.  We  conclude  Chapter  III  with  a  comparison  of 
our  results  with  previous  attempts  to  define  product  stochastic  measures 
including  the  one  by  Engel  (1982)  on  the  L~-theory  of  products  of  indepen¬ 
dently  scattered  measures. 

The  second  part  of  this  work  (Chapters  3  and  4)  deals  with  stochastic 
processes  taking  values  in  infinite  dimensional  spaces.  Realistic  models 
for  the  investigation  of  many  important  problems  in  Physics,  Statistical 
Mechanics,  Geophysics  and  certain  areas  of  Biology,  lead  to  stochastic  pro¬ 
cesses  of  this  kind.  A  convenient  choice  of  infinite  dimensional  spaces 
is  the  class  of  nuclear  spaces  (more  precisely,  duals  of  nuclear  spaces) . 

Nuclear  space  valued  stochastic  processes  have  been  considered  in  the 
works  of  K.  ltd  (1978a,  1978b,  1983)  and  the  papers,  among  others,  of 
Dawson  and  Salehi  (1980),  Shiga  and  Shimizu  (1980),  Mitoma  (1981a,  1981b) 
and  Miyahara  (1981) .  In  most  of  the  above  papers,  the  nuclear  space  con¬ 
sidered  is  S(IR^),  whose  dual  S(IR^) '  is  the  space  of  tempered  distributions. 
However,  in  several  practical  problems,  e.g.  those  occurring  in  neurophysi¬ 
ology,  it  is  not  possible  to  fix  in  advance  the  space  in  which  the  stochas¬ 
tic  processes  take  their  values  (see  Kallianpur  and  Wolpert  (1984))  . 

We  begin  Chapter  IV  by  defining  the  nuclear  space  $  we  are  going  to 


consider  in  the  remainder  of  this  work.  Then  we  define  -valued  Wiener 
processes  with  continuous  positive  definite  bilinear  form  Q  on  and 

study  some  related  concepts  that  are  used  later  in  this  work.  We  conclude 
Chapter  IV  by  presenting  stochastic  integrals  with  respect  to  a  -valued 
Wiener  process. 

The  main  object  of  the  second  part  of  this  work  is  to  develop  tech¬ 
niques  for  the  study  of  nonlinear  functionals  of  Wt.  In  this  direction 
we  co’  struct  in  Chapter  V  multiple  Wiener  integrals  (m.W.i.)  with  respect 
to  a  -valued  Wiener  process  W^.  This  construction  leads  to  real  valued, 
finite  dimensional  multiple  stochastic  integrals  w.r.t.  dependent  non-iden¬ 
tical  ly  distributed  independently  scattered  measures  of  the  kind  considered 
in  the  first  part  of  this  work.  In  addition  we  obtain  the  Wiener  decompo¬ 
sition  of  the  space  of  -valued  nonlinear  functionals  of  Wt  as  an  induc¬ 
tive  limit  of  appropriate  Hilbert  spaces.  Multiple  stochastic  integral 
expansions  and  stochastic  integral  representations  for  nonlinear  function¬ 
als  of  W^  are  also  obtained  in  Chapter  V.  It  turns  out  that  the  stochastic 
integrals  constructed  in  Chapter  IV  are  the  ones  useful  in  representing 
nonlinear  functionals  and  -valued  square  integrable  martingales. 
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CHAPTER  II 

TENSOR  PRODUCT  AND  MULTIPLE  INTEGRALS  OF 
ORTHOGONALLY  SCATTERED  MEASURES 
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\\ 

.***• 
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We  begin  this  chapter  by  presenting  results  on  tensor  products  of 
orthogonally  scattered  measures.  We  include  the  infinite  tensor  product 
case  (Theorem  2.1.4)  which  seems  to  be  considered  for  the  first  time  and 
appears  as  a  natural  generalization  of  Theorem  2.1.3.  In  Section  2.2  we 
obtain  the  symmetric  tensor  product  measure  of  different  orthogonally 
scattered  measures  which  are  mutually  orthogonal  over  disjoint  sets,  and 
present  some  of  its  properties.  Finally,  in  Section  2.3  we  apply  the  the¬ 
ory  of  integration  with  respect  to  vector  valued  measures  to  define  multi¬ 
ple  integrals  for  the  symmetric  tensor  product  measure. 

2 . 1  Tensor  and  infinite  tensor  product  of  orthogonally  scattered  measures . 

The  theory  of  orthogonally  scattered  measures  with  values  in  a  Hilbert 
space  has  been  presented  by  Masani  (1968)  among  others.  We  begin  this  sec¬ 
tion  by  presenting  a  definition  and  a  theorem  which  are  given  in  the  above 
named  work. 


Definition  2,1.1.  Let  H  be  a  leal  separable  Hilbert  space  with  inner  pro¬ 
duct  <*»*>H  and  norm  ||»||  ,  and  let  (T,A,y)  be  a  measure  space  where  u  is 
a  non-negative,  countably  additive,  o-finite  measure.  Let  A^  denote  the 


r 


A^  =  (AeA  :  y(A)  <  °°}  . 


ring 


5 


The  H-valued  set  function  X  is  said  to  be  an  orthogonally  scattered  measure 
(o.s.m.)  on  (T,A)  with  values  in  H  and  control  measure  p  if  the  next  two 
conditions  hold: 

i)  For  each  sequence  (An)n^  of  disjoint  elements  in  A^  such  that 

00  m  » 

U  A  e  A  ,  ][  X(A  )  converges  in  H  to  X(  U  A  )  when  m-*-00. 

n=l  ^  n=l  n  n=l 

ii)  For  A,  B  e  A 

P 

(2.1.1)  <X(A) ,  X(B) >  =  p(AnB) . 

H 

It  follows  from  (2.1.1)  that 


(2.1.2)  P(A)  =  ||X(A)||  jj  A  e  Ay 

and  that  if  A,  Be  A^,  AnB  =  4>  then  X(A)  and  X(B)  are  orthogonal  elements 
in  H. 

The  linear  space  of  H 


(2.1.3) 


Hy  =  sp(X(A) :  Ae  A  } 
a  y 


is  called  the  subspace  of  X.  Condition  (2.1.2)  enables  us  to  define  a 

2 

well-known  isometry  between  and  L  (T,A,p)  as  follows: 

For  an  A  -simple  function  f(t)  =  ^  ci1A  ^ »  A j e  A  ,  Ci e  K 
p  i”  i  i  1  P 

i=l,...,r  define 


l 


r 

I  (f)  =  J  f (t)dX(t)  =  l  c.X(A. ) 
A  T  i=l  1  1 

and  for  f  e  L^(T,A,p)  define 


where  {f  }  .  . 

n  n2l 


I  (f)  =  /  f (t)dX(t)  =  lim  /  f  (t)dX(t) 

A  T  n-H»  T  n 

is  a  sequence  of  A  -simple  functions  converging  to  f  in 


L  (T,A,y).  The  following  result  is  known  as  the  isomorphism  theorem. 
Theorem  2.1.1  (Masani  (1968)).  Let  X  be  as  in  Definition  2.1.1.  Then 


(2.1.4)  I  :  f  -►  /  f(t)dX(t) 

T 

2 

is  an  isometry  on  L  (T,A,y)  onto  Hv  e  H  such  that  for  A  e  A  ,  X(A) =  I„(l.) 

a  y  X  A 

2 

Then  every  o.s.m.  X  carries  with  it  two  Hilbert  spaces  and  L  (T,A,y) 
which  are  isomorphic  under  the  isometric  integral  Ix* 

Similar  to  the  classical  theory  of  real  valued  product  measures 
(Halmos  (1950)),  it  is  possible  to  develop  a  theory  of  tensor  products  of 
orthogonally  scattered  measures.  In  this  direction  we  give  a  proof  of  the 
next  theorem  which  is  established  in  Chevet  (1981).  Before  doing  this 


we  first  introduce  some  notation:  For  two  Hilbert  spaces  Hj  and  H2>  H  *H 
denotes  their  Hilbert  space  tensor  product  (Reed  and  Simon  (1980))  with 


inner  product  8H  »  and  hj®h2  denotes  the  tensor  product  of  the 

1  2 

elements  h^  e  H^,  h2  e  H2-  Given  two  real  valued  measures  y  and  v,  y®v 
denotes  their  product  measure. 


Theorem  2.1.2  (Chevet  (1981)).  For  each  i=l,...,n,  let  (T^A^vl)  be  a 

a- finite  measure  space,  H^  a  real  separable  Hilbert  space  and  X^  an  o.s.m. 

on  (T. ,A^)  with  values  in  H.  and  control  measure  y. .  Then  there  exists  a 

n  1 

unique  orthogonally  scattered  measure  ®  X^  on  (Tj*...*^,  AjX.-.xA^) 

with  values  in  H®. . .®  H  and  control  measure  y,®. ..®y  such  that 
In  I  n 


(2.1.5) 


«  X  (A  x...xA  )  =  X. (A. )®. . ,®X  (A  ) 
il  n  ll  n  n 


for  A.  e  A  =  (Ae  A. :  y.  (A)  <  »}.  The  o.s.m.  ®  X.  is  called  the  tensor 
1  Hi  1  1  i=l  1  - 

product  o.s.m.  of  X,,...,X  . 

-  l  n 


Proof  It  is  enough  to  show  it  for  n=  2.  Let 


•i*r 


7 


R  =  {A1><A2:  Ai^Ai  i=l,2>. 


For  A.  £  A  i=l,2  define  the  H, ®  H_ -valued  set  function 
i  Uj.  12 

2 

«  x.ca^a^  =  x1(a1)«x2(a2). 
i=l 

Next  let  =  Fg(R)  be  the  field  generated  by  R,  i.e.  the  collection 

(2) 

of  all  disjoint  unions  of  elements  in  R.  For  C  e  C  with  &  UjCQ  <  °°> 


C  =  U  (A.*B.) 


where  ^(A^)  <  y2(B^)<°°  and  A.xB.,  j=l,...,r  are  disjoint  elements 

in  R,  define 

2  a  f  r  2  r 

•  X.(C)de=*  £  «  X  (A  xB  )  =  l  X  (A  )®X  (B  ). 

i=l  1  j*i  i=l  1  J  3  j=l  J  3 


llt-lXl<C),,"1-B2m  ji  jI<Xl(Aj)-Xl(V>H1<X2<Bj’-X2lV>H2- 

But  (Aj xB^ )  n  (A^xB^)  =  tp  j/k,  then 


‘i'V'WyW'  w\  -  ° 


and  therefore 


ll.^iCQll^  .  Mj®v2(c)  <  ■>. 


Since  v^av^  i-s  a  o-finite  measure  on  A^xA^  the  result  follows 


from  the  Hahn  extension  theorem  for  o.s.m.  given  in  Masani  (1968) 


Q.E.D. 


For  convenience  of  later  reference  we  present  the  following  theorem 
which  is  a  special  case  of  Theorem  2.1.2.  We  shall  use  it  frequently  on 
the  remainder  of  the  chapter.  In  this  result  we  require  the  o.s.m.  Xj’s 


*  *  •  *  »"*  •  •  ■»  *  /'ji  *  m  * 


8 


to  take  values  in  the  same  Hilbert  space  H  and  the  control  measures  vu 


to  be  finite. 


Theorem  2.1.3  Let  i=l,...,n  be  orthogonally  scattered  measures  on 

(T^.A^)  with  values  in  a  common  Hilbert  space  H  and  corresponding  finite 

control  measures  ik  i=l,...,n.  Then  there  exists  a  unique  ntfl  tensor 

product  orthogonally  scattered  measure  ®  X.  on  (Tn,An)  with  values  in 

i=1  1 

11  n 

H  =  ®  H  and  finite  control  measure  ®  y.  =  y,®...®y  such  that  for 
i-1  i=l  1  1  n 

A.  e  A.  i=l, . . . ,n 
i  i  ’  * 


(2.1.6) 


X.(A  x...xAJ  =  X.  (A.)®. .  .®X  (A  ) 


(2.1.7) 


•  X.  (A)  1 1  2  =  ®  y  (A)  A  c  An 

L=1  1  H®"  i=l  1 


where 


Tn  =  T  x...xT  and  An  *  A.x...xA  is  the  n-fold  product  cr-field. 
In  In  v 


We  now  consider  the  extension  of  Theorem  2.1.3  to  infinitely  many 
dimensions.  Suppose  that  (T^A^.^jl)  isl  is  a  sequence  of  probability 
spaces  and  that  for  each  i=l,2,...  X^  is  an  o.s.m.  on  (Tj,A^)  with  values 
in  a  common  Hilbert  space  H  and  control  measure  y^.  An  example  of  this 
situation  is  given  at  the  end  of  Section  4.1.2  in  Chapter  4  of  this  work. 
We  use  the  following  notation  (as  close  as  possible  to  Halmos  (1950)): 

T  =  x  T.,  A  =  x  A.,  T  =  x  T.,  Tn  =  x  T.,  An  =  x  A. 
i=l  1  i=l  1  i=n+l  1  i=l  1  i=l  1 


y  =  ®  y. . 

i=l 


For  notation,  definitions  and  basic  results  concerning  infinite  tensor 
products  of  Hilbert  spaces,  see  Appendix  A.  Let  u  =  where  u^ =  X^(T^) 

be  the  sequence  of  unit  vectors  in  H  from  which  we  construct  the  infinite 


tensor  product  Hilbert  space  «  H  whose  inner  product  is  denoted  by 

n 

<• , •>oo-  For  each  nil,  the  nth  tensor  product  o.s.m  ®  X.  of  Theorem  2.1.3 
n  i=l  1  «>  u 

takes  values  in  ®  H.  This  space  may  be  seen  as  a  subspace  of  ®  H 
i=l  i=l 

through  the  injection 


h,®...®h  ■+•  h,®. .  .®h  ®  X.  (T. ) 

1  n  1  n  .  .  iv  i' 

i=n+l 


h.  e  H  i=l, . . . ,n. 
i 


Let  C  be  the  field  of  cylindrical  sets  in  A  .  For  AeC,  A=B«Tl 

°°u  ^ 

B  e  An  some  nil,  define  the  ®  H-valued  set  function  X  as 

i=l 


X  (A)  =  ®  X  (B)  ®  «  X  (T. ) . 
i=l  1  i=n+l  1  1 


Lemma  2.1.1  The  ®  H-valued  set  funtion  X  is  well  defined  and  finitely 
i=l 

additive  on  C.  Moreover, 


00  .  .  2  00 
x  (A)  1 1  =  p  (A) 


AeC. 


Proof  Suppose  A  e  C,  A  =  B*  T^  >  B e  A°  and  A  =  C  x  T^  ,  Ce  A™  m <  n . 

Then  B  =  C  *  T  /...xT  and 
m+1  n 


9  X. (B)  =  ®  X.(C)  ®  X  _(T  .)»... ®X  (T  ) 

.  ,  iv  ’  .  ,  iv  '  m+lv  m+1  n  n' 

i=l  i=l 


®  X.  (B)  ®  ®  X  (T.)  =  ®  X  .(C)  ®  ®  X  (T  ) 
i=l  1  i=n+l  i=l  i=m+l 


and  hence  X  is  unambiguously  defined  for  AeC. 

Next,  if  Aj,  e  C,  A^nA2  =  <p,  then  for  some  n>  1,  *  T^  , 

A2=  B2*T^  and  BjOB2  =  4>-  Hence 


X  (A1uA2)  =  «  X.CBjUB^  ®  9  X.(T.) 


(by  Theorem  2.1.3) 


=  {  ®  X.(B)  +  ®  XjCBp}®  9  x.  (T.) 
i=l  i=l  i'n+11  1 

n  00  n  °» 

=  ®  X  (B  )  «  ®  X(T.)  +  «X(B)®  ®  X.  (T  )  -  X^CA.)  ♦  X*(A  ) 
i=l  i=n+l  i=l  i=n+l 

00 

i.e.,  X  is  additive  on  C. 

Finally,  if  A  e  C,  A  =  B *  T^  ,  B  e  A°  some  n >  1 

II  X°°  (A)  ||  £=  ||  •  X.(B)||  =  y1®...®yn(B)  =  y0°(A). 

i=l  H 

Q.E.D. 

00  oo 

In  fact  we  now  prove  that  X  has  a  o-additive  extension  to  A  .  The 

following  result  appears  to  be  new  and  due  to  the  finiteness  of  y^  its  proof 

does  not  need  the  Hahn  extension  theorem  for  o.s.m.  of  Masani  (1968). 

oo  u 

Theorem  2.1.4  There  exists  a  unique  ®  H-valued  orthogonally  scattered 

no  oo  oo  i“l  oo 

measure  X  on  (T  ,A  )  with  control  measure  y  (a  probability  measure),  such 
that  for  every  A  c  C  A=  Bx  T^  ,  B  t  An 

n  00 

(2.1.8)  X°°(A)  =  ®  X  (B)  ®  ®  X.(T.) 

i=l  i=n+l 

00 

and  for  every  A  £  A 

(2.1.9)  ||  X°° (A)  1 1 1  =  y°°(A). 

00 

Proof  Step  1 :  X  is  o-additive  on  C. 

Let  A^  e  C  i=l,2,...  A^  4-  <f>  (null  set).  We  need  to  show  that 

QQ  2 

II  X  (A^)  1 1  ^  -*■  0  as  i  ■*  00 .  But  this  follows  since  from  Lemma  2.1.1 

||  X  (A.)  ||  2  =  y°°(A.)  and  y°°(A. )  0  as  i  +  »  for  y°°  is  a  probability 

1  00  1  x 

measure  on  A  . 

Step  2:  Extension  to  A  . 

00 

Let  A  e  A  =  o(C) ,  then  there  exists  a  sequence  of  sets  (A  }  .  in  C 


such  that  y  (AAAn)  -*■  0  as  n-*-“  and  {X  (An) is  a  Cauchy  sequence  in 
00  u 
«~H: 
i=l 

||  X°°(An)  -  x“(Affl)  ||f  =  y°(AnAAm)  -  0  n.m  -  «  . 

Then  define  X°°(A)  =  ||  •  ||  -  lim  X°°(A  )  which  has  the  required  properties 

oo  n 

Q.E.D. 


Corollary  2.1.1  Let  E.  e  A.  ik  1,  A  =  x  E.  .  Then 


l  l 


X  (A)  =  ®  X  (E  )  . 
i=l 

Proof  It  is  known  (Halmos  (1950))  that  A  e  A  and 


y  (A)  =  n  y.(E  ). 
i=l 

This  last  expression  implies  that 


*•-11  < 


l  l(Ui(E.))’S-  ll 
i=l 


l  l^iCE.)  -  1|  <  »  • 

i=l  1 

Then  conditions  (1)  and  (2)  of  Proposition  A.l  in  Appendix  A  are  satisfied 

oo  u 

and  hence  ®— X.(E.)  is  a  decomposable  vector.  The  result  follows  by  taking 
i- 1  fnl 

A  =  E,*...xE  x  T^1  *  n>  1  in  the  final  part  of  the  proof  of  the  last  theorem, 
n  1  n 


Q.E.D. 


Corollary  2.1.2 


X^t”)  =  ®  X. (T. ) 


2.2  The  s 


(trie  tensor  product  measure 


In  this  section  we  obtain  results  regarding  symmetric  tensor  products 
of  different  orthogonally  scattered  measures  with  values  in  the  same  Hilbert 
space.  We  have  restricted  ourselves  to  the  case  where  each  o.s.m.  is  bound¬ 
ed  (finite  control  measure)  and  defined  on  a  a-field.  The  reason  for  these 
requirements  is  that  we  are  primarily  interested  in  using  the  well  estab¬ 
lished  theory  of  vector  valued  measures  in  order  to  construct  product  sto¬ 
chastic  measures  and  their  corresponding  integrals,  and  in  this  theory  these 
requirements  are  needed.  This  limitation  may  not  be  very  restrictive  since 
one  could  always  study  the  limit  behavior  of  the  product  measure  or  the  in¬ 
tegral  when  the  control  measure  goes  to  infinite,  as  indeed  we  do  in  Chap¬ 
ter  5.  Moreover,  bounded  orthogonally  scattered  measures  have  recently  be¬ 
come  of  interest  (see  Niemi  (1984)). 

Assumption  2.2.1  Throughout  this  section,  unless  otherwise  stated,  we  will 
make  the  following  assumptions:  Let  (T,A)  be  an  arbitrary  measurable  space, 
H  a  separable  real  Hilbert  space  with  inner  product  <•»•>  and  norm  ||  •  ||  , 
and  n  a  fixed  but  arbitrary  natural  number.  Let  i=l,...,n  be  o.s.m. 's 
on  A,  taking  values  in  H  and  with  corresponding  finite  control  measures 
p^  i=l,...,n.  Assume  there  exist  real  valued  set  functions  p„  such  that 
for  A,B  e  A 

(2.2.1)  p  (AnB)  =  <X.(A),X.(B)>  i,j=l,...,n. 

1J  1  J  H 

Applying  Cauchy- Schwartz  inequality  it  follows  that  for  each  i,j=l,...,n, 
p.  .  is  a  signed  measure  of  bounded  variation,  where  p. .  =  p.  i=l,...,n. 

At  times  we  shall  use  the  facts  that  if  pQ  is  a  o-finite  non-negative  mea- 


facts  about  symmetric  tensor  products  of  Hilbert  spaces  (see  Guichardet 

(1972)).  As  in  Section  2.1  let  H  denote  the  n-fold  tensor  product  of  H. 

For  €  H  h.  €  H  define 

In  1 

(2.2.3,  ‘SCV- ••«'„>  ■„!  I  V-V 

II  1  n 

where  II  =  (II  ,...,11^)  is  a  permutation  of  (l,2,...,n).  The  n-fold  symmetric 
tensor  product  Hilbert  space  H®11  is  the  closed  subspace  of  H®"  generated  by 
elements  of  the  form 


1  c,an(h>...®hk) 

k  ®v  1  n 


where  c^  e  IR  ,  h^  e  H  k=l,...,m,  i=l,...,n. 

The  operator  a”  can  be  extended  to  an  orthogonal  projection  operator 


®n 

on  H  whose  range  is  H  .  We  write 


®  h .  =  h ,  ® . . .  ®h 
i-i  1  1  " 


where 


(2.2.4) 


h,®. . .®h  =  a  fh,®...®h  )  h.  c  H  i=l,...,n 

1  n  ®  1  n  i 


notice  that  for  g^  e  H  i=l,...,n 


(2.2.5) 


n  n  , 

<  ®  h.,  ®  g.  >  ^  =  -r  7  <h.  ,gn  >„. 

i*l  1  i=l  H®"  n  1  ni  H 


Thus  in  particular,  if  h  =  a  h,  h  e  H,  then 

i=l 


-  »  J-  .*  -r  -■ 


(2.2.6) 


®n  ®n  (sc  .  *.n 

<h  •«  =>.  ■  (<f-*>ll) 

H 


l|i'enll2^  -  Cll  MIhJ". 

H*n  n 


g  c  H 


For  £  H  i=l,...,n,  hj®...®hn  can  be  represented  as  a  linear  com- 

On 

bination  of  elements  of  the  form  h  h  c  H: 


(2.2.7) 


h.®...®h  = 

l  n 


JT7  l  c-l)*  I  (1  c(l)h  ....*1  c(n)h  )' 

"•  t=0  NeP.  N  1  NC  " 


"•  1=0  N fP£  N  A  N 

where  P^  is  the  set  of  subsets  of  {l,...,n}  with  i  elements. 

Syianetric  tensor  product  measure  The  first  result  of  this  section  gives 
the  symmetric  tensor  product  measure  of  »  which  is  a  Hilbert  space 

(H^-valued)  measure.  Although  it  can  be  proved  for  any  o.s.m.'s  not  neces¬ 
sarily  bounded,  we  assume  them  as  in  the  beginning  of  this  section. 


Theorem  2.2.1  Let  X X  be  orthogonally  scattered  measures  as  in 
-  In 

_  n 

on 

Assumption  2.2.1.  Then  there  exists  a  unique  H  -valued  measure  ©  X^  on 
(T^.A11)  such  that  for  A.  t  A  i=l,...,n 


(2.2.8) 


®  X.(A  x...xA  )  =  X.(A.)®...©X  (A  ) 
i_1  l  1  n  1  1  nv  n 


■  a  _ 

Proof  Let  ®  X.  be  the  H  "-valued  o.s.m.  on  (T.A  )  given  by  Theorem  2.1.3 

n  i=1  1 
For  A  e  A  1  define 


(2.2.9) 


®  X.  (A)  =  a"  (  ®  X.  (A) ) 
i=l  1  ®  i-1  1 


where  a"  is  the  projection  operator  on  H®°  with  range  H®"  defined  in  (2.2.3) 

© 

Then  for  A  €  An 


15 


(2.2.10) 


•  xj (A)  II  9n  S  ||  ®  X  (A)  || 

1=1  1  H®n  i=l  1  H®n 


an  n 

and  ®  X.  is  a  finitely  additive  H*-valued  measure  on  A.  Next  since 
n  i=1 

®  X.  is  0-additive  on  An  -  thus  contiuous  by  above  at  the  empty  set  -  it 
i=l  1  n 


follows  from  (2.2.10)  that  ®  X.  is  continuous  by  above  at  the  empty  set 

i=l  1 


and  then  a- additive  on  A  . 


Finally,  by  Theorem  2.1.3,  ®  X.  is  the  unique  o.s.m.  on  (T^A11)  with 

_  i=l  1 


values  in  H  such  that 


®  X.(A  x...xA  )  =  X. (A,)«. . ,®X  (A  ) 
.  .  i  1  n  i  1  n  n' 

i=l 


for  A^  e  A,  i=l,...,n,  from  which  (2.2.8)  follows, 


Q.E.D. 


Corollary  2.2.1  Under  the  assumptions  of  the  last  theorem,  for  A  e  An 


(2.2.11) 


•  M«ll  5  ®  MW  . 


i  '  "  ®n  i 

i=i  1  tr"  i=i  1 


The  proof  follows  using  (2.2.10)  above  and  (2.1.7)  in  Theorem  2.1.3. 


The  above  corollary  gives  an  upper  bound  for  the  norm  of  ©  X.(A), 

n  i=1  1 

A  e  A  .  We  shall  obtain  an  exact  expression  for  this  norm  (Corollary  2.2.2) 


which  uses  the  signed  measures  p  defined  in  (2.2.1).  We  first  present 


a  more  general  result. 


Lemma  2.2.1  For  A ,  Be  Ar 


(2.2.12) 


<  ©  X.(A),  ©  X  (B)  > 

i-l  1  i  =  l  1  H®" 


^  l  vm ,*•  •  •®ll„n  -Ji  l  vm ,*•••*'> 


n  i,li 


n  i 


where  for  A  e  An  and  II  =  (U^, . . .  ,IIn)  a  permutation  of  (l,...,n)  A^  is 


V V 


.  •  .  . 
‘  *  •  •  •  '  ‘\V  •  ■ 


>;  \  *.*  o  o  ^  \ 
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defined  by 


(2.2.13) 


A  =  {(tj,...,tn)  e  T  :  (tn  ,...,tn  )  e  A}  . 


Proof  Step  1  Assume  that  A,Bt  An,  A  =  A^x.^xA^,  B  =  BjX...xBn 
A^,  B.  £  A  i=l,...,n.  Then  from  (2.2.1),  (2.2.5)  and  Theorem  2.2.1 

<  «  X  w.  S  X  (B)>n  •  <X  (A  )•...«  CA^.XjtB,)... .«(»)> 

1=1  1=1  H  H 

=  Ti  £  <xicV*  xn1CBn1)>H",<xncV»  XCBnn5>H 


n!  £  Mini  ^l^n.^'^nn  (AnnBn J 
II  1  1  n  n 


'if!  [V-^  ((A1>■...xAn)n(B1>....xBIl),,) 
II  1  n 


1  ni  £  Um  •*  *  -®ynn  CAnB  5  • 
n  1  n 


Step  2  Assume  A,  B €  An  are  of  the  form 

m.  1  m2  I 

A  =  U  (a!  x...xa"),  B  =  U  (B*x...xB  ) 
j=l  3  3  k=l  K  K 

where  A^x...xa",  B^x...xb^  j=l,...,m^,  k=l,...,m2  are  as  in  Step  1  and 

(A^x . . .  xa1?)  n  (A^x , . .  xA?)  =  $  i^j  and  (B*x...xB?)  n  (B*x...xb")  =  <)>  jj<k. 
3  3  n  1  1  3  3  K  K 

Then  since  ®  X.  is  additive  on  An,  from  Step  1  we  have  that 
i=l 

n  n  mi  m2  n  n 

<  ®  X  (A),  ®  X.(B)>  =  l  l  <  ®  X  (aJx...xA"),  ®  X  (B?x...xBJ)> 

i=l  1  i=l  H  j=l  k=l  i=l  1  3  3  i=l  1  K  K  H 

in  j 

ml 

'in  I  £  > 


1  n!  I  ^lHj®. .  .®ynI!  (AnBn) 
n 
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Step  3  Assume  A,BeAn.  Then  there  exist  sequences  of 


sets  in  An  as  in  Step  2  such  that 


®  y.(A  AA)  0,  ®  y.  (B  AB)  -*■  0 

..i  m  .  ,  l  m 

i=l  irr+°°  i=l  nr*00 


<  ®  X.(A),  ®  X. (B)>  =  lira  <  ®  X  (A  ),  ®  X  (B  )>  . 

.  ,  i  .  ,  i  ,,®n  ,  i  m  ,  i  m  ,.®n 

1=1  i=l  H  nr*"  i=l  i=l  H 


Then  it  is  enough  to  show  that 


£  pm  *■  ”®lInn  (AmnBm)  *  £  “m  8- • -8|Jnii  (AnB"> 
II  1  n  m-*°°  II  1  n 


Using  the  fact  that  for  all  II  and  A,  Be  An 

|y  9...9U  (AnBn)|  £  {  ®  y.(A)}ls{  ®  y.(B)}15 
AU1  nun  i=l  1  i=l 


we  have  that 


_I  I 


...®y„  (AnB11)  --±  [  y1TT  ®...®ynn  (A  nB“)  | 


ni  n  hiil 


n!  J  *'ini 


nil  m  nr 
n 


'  I  in  I  1,in18'--®,1nnnlAnBlIuAmnBi)) 


■r,  l  pin,®--8,Inn  (AmnB^(AnBn)>l 
IT  1  n 


-Si  I  I  pin,8'  •  '8wnn  <A"Bn"Anc> 
n  1  n 


*  l  pin,8---8l,nn  tAnBnnCB^lc> 
n  1  n 


-  T  yirx  ®...®y  n  (A  nB^nAc) 

£  m  m 


•  l  pm18--8u„nn(VBIn(BlI)c>l 


,*»  k* 


.*  -•*  ,  -  «  J>  '  ■  ■  .  •  .  *  «  '  *  -  , 


*Ti  1 1 W in  • ®%n  (AnB  nAm)| 
n  1  n 


♦S7  ^uin  ®4"®IJnn  (AnBn„(B!)C) 
U  1  n 


+  — 7  y y1TT  ®---®y  n  (A  nB  nA  ) 
n!  ff1  III.  MnII  ra  m  ' 
n  1  n 


*S7  |Kn.*"-®V  (VBin(B”)C) I 

n  1  n 


which 


s  {  ®  y.  (A\A  )}**{  ®  y.  (B)  }*5  +  {  ®  y.  (A)  }**{  ®  y.  (B\B  J)h 
i=l  1  m  i  =  l  1  i=l  1  i=l  1  m 

+  {  ®  y  (Am\A)  }**{  ®  CBm)  y*5  +  {  ®  Vi±  CAm^  «  yi(Bjn\B)}15 
i=l  1  i=l  i=l  i=l 

n  n 

goes  to  zero  as  m  -*■  00 ,  since  ®  y.  (AAAm)  -*•  0  and  ®  y.  (BmAB)  ■+•  0. 

i=l  1  m^®0  i=l  nr*°° 


Corollary  2.2.2  If  A  e  A  ,  then 

(2.2.14)  II  •  *i(A)ll^  -S7  I  ‘‘in®---®%n„(Ar‘Arl)- 
1=1  H  II  1  n 

We  now  consider  special  cases  for  which  the  previous  results  simplify. 

Symmetric  sets  A  set  Ae  An  is  called  a  symmetric  set  if  A^=  A  for  all  per 
mutation  II  of  {l,...,n},  where  A^  is  defined  in  (2.2.13).  The  o-field  of 
symmetric  sets  of  An  (Dellacherie  and  Meyer  (1978))  is  denoted  by  A®n.  Sine 
for  Ae  A®0  AnA^  =  A  for  all  II,  we  obtain  the  following  result  which  is  a 
generalization  to  the  case  of  several  orthogonally  scattered  measures  of  cor 
ollary  to  Theorem  1  on  Chevet  (1981). 


Corollary  2.2.3  The  vector  measure  ®  X.  is  an  H  -valued  orthogonally 

i  =  1 

scattered  measure  on  (T^.A  )  with  control  measure  y  given  by 
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(2.2.15) 


-Ti  <«  A  £  *’"• 

II  1  n 


II  ®  V^H  ®n  =  P*(A). 
i=l  IT™ 


Antisymmetric  sets  Let!  denote  the  identity  permutation  of  (l,2,...n).  A 
set  Ae  An  is  called  an  antisymmetric  set  if  AnA^=  <f>  for  all  permutation  II 
of  (l,...,n)  distinct  from  n  .  For  this  kind  of  set  Corollary  2.2.2  simpli¬ 
fies  as  follows: 


Corollary  2.2.4  If  Ae  An  is  an  antisymmetric  set,  then 


(2.2.16) 


II  ®  X  CA)  ||  2  ®  p  (A) 

i=l  1  H  n>  i=l  1 


The  next  result  is  an  application  of  the  last  corollary  to  the  case  when 
T  is  an  interval  of  the  real  line  and  the  measures  are  non-atomic. 

This  will  be  a  useful  result  in  the  next  section. 


Corollary  2.2.5  Let  T  c  ]R  be  an  interval  of  the  real  line,  A=  B(T)  and 
suppose  that  are  finite  non-atomic  measures  on  (T,A) .  For  each 
permutation  II  =  (IIj , . . .  ,IIn)  of  (l,...,n)  let 


(2.2.17) 


((ti . V  ‘  T":  tn.<"‘<Tii  1  • 

1  n 


Then  for  each  IT  is  an  antisymmetric  set  of  An  and  for  each  Ae  An 

•  MA)  =  nl  l  ||  •  X,(AnT")  ||  2  . 

i=l  1  n  i=l  1  11  H®° 

The  o-field 


(2.2.18) 


*5  •  K 


is  called  the  a-field  of  antisymmetric  subsets  of  T„  corresponding  to  IT. 


Proof  First  note  that  if  II  and  II*  arc  two  distinct  permutations  of  (1,..., 


then  t£  n  tJ* 
tions  II  of  (1 


.  Let  Sn  =  UT^  where  the  union  is  taken  over  all  permuta- 

n  Jt 

,n) .  Then 


(Sn)c  =  { Ct ^ , . . . ,tn) e  Tn:  t^  =  t^  for  some  i^j} 


and  since  the  measures  y, , _ ,y  are  non-atomic 

1  n 

n  n  c 
®  U. ((Sn)c)  =  0. 

i=l 

n 


Hence 


n  r  “  n  .  .n 

9  y.  (A)  =  l  9  y  (AnT  )  Ae  A  . 

i=i  n  i=i  1  11 


But  for  each  permutation  II,  Tjj  is  an  antisymmetric  set;  then  using  Corollary 
2.2.4 


H.VitA"Tn)llM™'^iVi(A"T")  AeA" 

1=1  H  1-1 


and  hence 


9  y  (A)  =  n!  I  \\  l  X  (AnTj)||  2 
i=l  1  n  i=l  1  11  H®° 


Ae  A". 


Q.E.D. 


We  now  take  into  consideration  a  concept  that  plays  an  important  role 
in  the  theory  of  integration  with  respect  to  vector  valued  measures, 
n 

Semivariation  of  ®  X.  We  first  review  the  definition  of  semivariation  of 

-  .  =  1  x 

a  bounded  vector  valued  measure  and  related  concepts.  We  follow  Kussmaul 
(1977). 

Let  M  be  a  bounded  vector  valued  measure  on  a  field  A  of  a  set  S  with 

o 

values  in  a  Banach  space  (E,||  »||  ).  The  semivariation  of  M  is  the  extended 
nonnegative  function  sv(M;«)  whose  value  on  a  set  Ae  AQis  given  by 

sv(M; A)  =  sup  ||  l  ot.M(A.)  || 
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where  the  supremum  is  taken  over  all  finite  partitions  (Aj)  of  ^into  dis¬ 
joint  sets  Aj e  Aq> and  all  finite  collections  (ou)  of  scalars  satisfying 
J cx_.  |  ^  1.  The  set  function  sv(M;*)  is  extended  to  the  family  of  all  subsets 
B  of  S  by  defining 

sv(M;B)  =  inf{sv(M;A):  B£A,  Ae  AQ)  . 

A  subset  Be  S  is  called  an  M-null  set  if  sv(M;B)  =  0.  The  exceptional 
sets  for  M- almost  everywhere  convergence  are  these  M-null  sets.  For  two 
scalar  valued  functions  f  and  g  on  S  we  define 

d(f,g)  =  inf {a  +  sv (M; | f-g | >  a) }  . 
a>0 

Convergence  with  respect  to  the  topology  generated  by  the  pseudometric  d 
is  called  convergence  in  M- measure. 

The  following  result  (Diestel  and  Uhl  (1977)  page  14)  is  known  in  the 
theory  of  vector  value!  measures  as  the  Bartle-Dunford-Schwartz  Theorem. 

It  will  play  a  key  role  in  Section  2.3.  We  write  it  here  adapted  to  the 

©n  n 

H  -valued  bounded  measure  ®  X.  of  Theorem  2.2.1. 

i-1  1 

Lemma  2.2.2  There  exists  a  finite  nonnegative  measure  v  on  An  such  that 

n 

a)  v(A)  s  sv (  ®  X. ; A)  A  e  An 

i=l  1 
and 

n 

b)  lim  sv(  ®  X. ;A)  =  0. 
v(A)-*-0  i=l  1 

We  are  not  able  to  compute  exact  expressions  for  the  semivariation 
n 

of  ®  X.  nor  for  the  measure  v  of  Lemma  2.2.2.  However,  we  will  find  very 
i=l  1  n 

useful  upper  and  lower  bounds  for  sv(  ®  X. ;A) . 

i=l  1 


Lemma  2.2.3  Let  X^...^  be  o.s.m.’s  and  be  measures  as  in 
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Assumption  2.2.1.  Then 


n 


(2.2.19) 


sv (  ®  X. ; A)  2  (y  ®...®y  (A)P  . 
i=l  1  1  n 


Proof.  Let  (a.).  ,  be  real  numbers  such  that  a.  <  1  and  let  A,,..., A 
-  3  3= 1  m  1  l1  1  m 

be  disjoint  elements  in  A  such  that  U  A. =  A  for  m>  1.  Then  from  (2.2.9) 
and  Theorem  2.1.3 

m  n  ^  m  n 


j  =  l  J 


||  l  o  •  X  (A  )  ||  =  ||  a”(  l  a  ®  X  (A  )  ||  *  * 

j=l  Ji=i  1  3  H®"  *  j=l  Ji=l  1  J  H®° 

m  n  _  m  m  n  n 

ill  T  a.  ®  X.  (A.)  II  =  y  y  a.  a  <®  X.  (A.),  ®  X.  (A.  )>  _ 
j  =  l  Ji=l  1  J  H*"  j=l  k=l  J  k  i=l  1  J  i=l  1  V  H*" 


m 


■  J“j  ^•..■•U[i(Aj)S  j  p  (A  )=u 

3=1  3=1 

and  hence  (2.2.19)  follows. 


®...®y  (A) 
n 


Q.E.D. 


n 

To  obtain  a  lower  bound  for  the  semi variation  of  ®  X.  we  have  to 

i=l  1 

assume  an  additional  condition  on  the  measurable  space  (T,A)  and  on  the 

control  measures  y,,...,y  . 

l  n 

Lemma  2.2.4  Let  T  £  F  be  an  interval  of  the  real  line,  A=  B(T)  and 
Xj,...,Xn  be  o.s.m.'s  as  in  Assumption  2.2.1  with  finite  non-atomic  control 


measures  y,  ,...,y  .  Then  for  Ae  A 
i  n 


n 


.  n  i  n  n  , 

(2.2.20)  -7  {  ®  y.(A)P  <  sv (  ®  X.;A)  s  {  ®  y.(A)}5  . 

n.  i  5  ,  i  i  •,  1 


.  ,  i  .  .  i 

i=l  i=l 


Proof  By  Corollary  2.2.5,  if  A  e  A 
n  n 


n 


®  (A)  =  n!  J  |l  ®  X  (AnT?)  ||  1 
i=l  n  i=l  1  n  H®11 

where  for  each  permutation  II  of  (l,...,n)  T^  is  defined  in  (2.2.17). 


.*  \* 
v\v* 


Next  from  Proposition  11  of  Diestel  and  Uhl  (1977),  giving  a  lower 

bound  for  the  semi variation  of  a  vector  valued  measure, 

n  n 
sup{  ||  a  X.  (B)  ||  :  A  =  B  e  A  }  <  sv(  a  X.  ;A) . 

i=l  1  H^1  i=l  1 


n!  I  ||  ®  X  CAnT")  ||  Z  £  n!  J  (sv(  •  X.  ;A) 

n  i=l  1  11  n  i=l  1 


and  therefore 


=  (n!)2(sv(  ®  X. ;A)}2 
i=l  1 


1  n  k  n 

—  {  ®  y.  (A)P  <  sv(  ®  X.;A). 

n-  i=l  1  i=l  1 

The  upper  bound  in  (2.2.20)  follows  from  the  last  lemma. 


O.E.D. 


The  next  two  results  are  consequences  of  the  above  lemma.  They  char- 

n 

acterize  convergence  in  ®  X. -measure  in  terms  of  the  control  measures 

i=l  1 

^1»  •  •  •  »v*n* 


Corollary  2.2.6  Under  the  asuumptions  of  Lemma  2.2.4,  for  a  sequence 

n  n  n 

^Am^m>l  *n  ^  *  sv^  ®  ;Am)  0  if  and  only  if  ®  y.  (Am)  -*•  0. 


i=l  1  m  nr*» 


i=l  1  m 


Corollary  2.2.7  Under  the  assumptions  of  Lemma  2.2.4,  a  sequence  of  real 

n  n 

A  -measurable  functions  (f  )  converges  in  ®  X. -measure  to  real  valued 

m  m2 l  .  ,  i 

n  i=l  n 

function  f  on  T  if  and  only  if  f  converges  to  f  in  ®  y. -measure. 

u  i=l  1 

Orthogonality  We  now  study  a  special  property  of  symmetric  tensor  product 
measures.  We  assume  that  for  each  n 2  1  we  have  Xj,...,X  orthogonally  scat¬ 
tered  measures  as  in  Assumption  2.2.1,  all  taking  values  in  the  same  Hilbert 
space  H. 

The  Hilbert  Exponential  space  of  H  (Guichardet  (1972))  is  the  Hilbert 


space 
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(2.2.21) 


EXP(H)  =  l  ®H' 
n^O 


•n 


(H®°  =  F  ) 


that  is,  the  set  of  all  sequences  x  =  (xn)  xne  H*11  n^O 

CO 

2 


such  that 


(2.2.22) 


J  ||  xnl|  ^  with  inner  product 

n  H 


n=0 

<x 


*  X>e  -  Io  <V  yn>  ■ 


Since  for  each  n^O  H®11  may  be  seen  as  a  subspace  of  EXP(H) 
((0  , .  ..,x  >...)  xjieH®n),  then  for  each  n  £  1 

n 

®  X.  :  An  -►  EXP(H) 
i-1  1 


is  a  vector  valued  measure  with  values  in  EXP(H) .  Therefore  symmetric 
tensor  product  measures  of  different  orders  may  be  realized  as  taking 
values  in  the  same  Hilbert  space,  viz,  EXP(H)  and  we  have  the  following 
result. 


nl  n2 

Lemma  2.2.5  If  n^,  then  for  all  Aj  e  A  and  A  , 


orthogonal  to  @  X. (A-)  with  respect  to  the  inner  product  < 
i-1  ^ 

n  n  ®n  ®n 

The  proof  follows  since  ®  X.  and  ®  X.  are  H  1  and  H 

i=l  1  i= 1  1 

®n ,  ®n- 

tively  and  H  1  is  orthogonal  to  H  in  EXP(H)  if  n 


®!X. (A.)  is 
i-1  1  1 

•,•>  in  EXP(H) . 
e 

valued  respec- 


The  n  symmetric  tensor  product  measure  of  an  o.s.m.  with  itself  To  con¬ 
clude  this  section  we  turn  to  the  special  case  of  symmetric  tensor  product 
measures  of  an  orthogonally  scattered  measure  with  itself.  We  show  how  pre¬ 
vious  results  are  simplified  and  other  new  results  can  be  obtained.  We  take 
X  to  be  an  o.s.m.  defined  on  an  arbitrary  measurable  space  (T,A) ,  with  values 
in  a  real  separable  Hilbert  space  H  and  finite  control  measure  y  (which  is 
not  assumed  to  be  nonatomic) .  We  may  take  H  to  be  H^,  the  linear  subspace 
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generated  by  X  as  in  (2.1.3).  For  n>l  let  X*11  be  the  n*^  symmetric  tensor 
product  measure  on  An  with  values  in  EXP(HX)  (or  H^°)  given  by  Theorem  2.2.1, 
and  let  y  denote  the  n-fold  product  measure  of  y  with  itself.  The  main 

On 

properties  of  X  are  summarized  in  the  next  result  in  which  some  possible 
simplifications  of  earlier  results  are  shown. 


Proposition  2.2.1  a)  For  A...... A  €  A  n>l. 

-  1  n 


X®n(A1x...xAn)  =  X1(A1)«...«Xn(An) 


b)  If  A  e  An  and  B  e  A 


m 


<X®n(A),X®m(B)>e  =  6nm  <X®n(A),X®n(B)>  9n 

HX 

_  1  c  ®n,A  .  1  v  ®n,.n 

=  f..S  J  u  (AnB  >  ■  Snn,  si  | v  (A  nB)- 


O  II  X*"(A)  ||  2  =  -7  I  P®"(AnA")  s  li®" CA) 

hx  n-  n 


A  e  A  n  2  1 . 


d)  The  vector  measure  X*n  is  an  H®n-valued  orthogonally  scattered  measure 


on  (T^.A®11)  with  control  measure  y®11' 


e)  If  A  e  A  is  an  antisymmetric  set 


II  X®n(A)|| 


®n 

y 


(A). 


The  proof  of  (a)  follows  from  Theorem  2.2.1.  Lemmas  2.2.1  and  2.2.5  imply 
(b)  and  Corollaries  2.2.2,  2.2.3  and  2.2.4  imply  (c) ,  (d)  and  (e)  respec¬ 
tively. 

In  particular.  Lemma  2.2.4  applies  to  X  .  However,  in  that  lemma  we 
have  assumed  that  T  is  an  interval  of  the  real  line  and  the  control  measure 
is  nonatomic.  In  the  case  of  X  it  is  possible  to  improve  Lemma  2.2.4  and 


compute  an  exact  expression  for  the  semi  variation  of  X®11 
that  T  c  R  or  y  is  nonatomic. 


without  assuming 


Lemma  2.2.6  Let  X  be  an  o.s.ra.  on  an  arbitrary  measurable  space  (T,A)  with 
values  in  and  finite  control  measure  y  (not  necessarily  nonatomic).  Then 
for  A  e  An 


(2.2.23)  sv(X®n;A)  =  £  y®n  (AnA11)  }**  -  ||X®n(A) 


Proof  From  (c)  in  the  last  proposition  and  the  definition  of  sv(X;A) 


(2.2.24) 


l  U  (AnA11)  =  ||X®n(A)||2an  s  sv(X*n;A)  . 


On  the  other  hand  if  ot.  I  £  1  i=l,...,m  are  real  numbers  and  A,,..., A 

l  l  m 

n  m 

are  disjoint  sets  in  A  ,  U  A.  =  A,  then  for  each  permutation  II  of  (l,...,n) 

i=l 

A^, ...,A^  are  disjoint  sets  in  An  and  A1*  =  U  A?.  Thus,  using  (b)  in  the 

®n  i=1  1  n 

last  proposition  and  the  fact  that  y1  is  a  positive  measure  on  A  we  obtain 

m  mm  __  _ 

II  .1  AX'  (AjJll  -l  I  c.a.  <X9n(Ai), 

1  A  1  —  1  J  1  H  ^ 

=  J.  I  |  a.a.  Jp-W)  \  J  £  y^A.nA*) 
n!  i=!  j=i  1  J  n  1  y  n!  i=i  j=!  n  1  3 

=  rr  l  ^(AnA11)  =  ||x®n(A)||2  . 


Therefore 


sv(X®n;A)2  l  y®n(AnAn) 

n 

and  the  lemma  follows  by  using  (2.2.24). 


Q.E.D 


As  one  may  expect  Corollaries  2.2.6  and  2.2.7  can  be  improved  for  X  . 
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Corollary  2.2.8  Under  the  hypotheses  of  Lemma  2.2.6  for  A  c  An 

(2.2.25)  <  svCX^jA)  <  {y®"(A)},S 

and  for  a  sequence  (Am)  ^  in  An  sv(X*n;Am)  -*•  0  if  and  only  if 


®n ,,  . 

u  (V 


Proof 


m-*® 

->  0. 
m-*» 

®n  n  n 

Since  y  is  a  positive  measure  on  A  then  for  each  A  e  A 


y®° CA)  <  £  y^CAnA^  £  n.'y^fA) 

n 

and  hence  (2.2.25)  follows  from  (2.2.23).  The  second  part  of  the  corollary 
follows  from  (2.2.25). 

Q.E .D. 

Corollary  2.2.9  Under  the  hypothesis  of  Lemma  2.2.6  a  sequence  of  real 

valued  An- measurable  functions  on  Tn  converges  to  a  real  valued 

function  f  on  Tn  in  X^-measure  if  and  only  if  fffl  converges  to  f  in 
«n 

y  -measure. 

The  proof  follows  by  the  above  corollary  and  the  definition  of  conver¬ 
gence  in  M-measure  for  a  vector  valued  measure  M,  given  before  Lemma  2.2.2. 


2 . 3  Integrals  with  respect  to  the  symmetric  tensor  product  measure 

We  now  apply  the  theory  of  integration  with  respect  to  vector  valued 
measures  (Dunford  and  Schwartz  (1958))  to  define  a  multiple  integral 

/  ^ /  f(*j» •• • »tn)dXj(tj) . . .dX^Ct^)  *  /^f (t) d  »  X^ (t^ 

n  „n 

where  f  is  a  real  valued  function  and  ®  X.  is  the  H^-valued  measure  of 

i  =  l 

Theorem  2.2.1.  We  assume,  unless  otherwise  stated,  that  H,  X^,...,Xn>  y_ 
i,j=l,...,n  and  (T,A)  are  as  in  Assumption  2.2.1  of  the  beginning  of  Sec¬ 
tion  2.2. 


We  begin  by  presenting  a  definition  and  a  proposition  from  the  theory 


of  integration  with  respect  to  bounded  vector  valued  measures.  They  are 
given,  for  example,  in  the  book  by  Kussmaul  (1977)  (Definition  10.3  and  Pro¬ 


position  10.4).  We  shall  write  them  here  using  the  notation  for  the  vector 
n 

valued  measure  ®  X.  . 

i-1  1 


L  =  (tj>  •  •  •  >^3 


Definition  2.3.1  Let  f(t)  be  an  An-measurable  simple  function  on  t",  that 

k 

(2.3.1)  f(t)  =  l  a  1A  (t) 

j  =  l  J  j 

where  a.  e  ]R  j  =  l, _ ,k  and  A  , ...,A.  are  disjoint  elements  in  An.  The  in- 

J  n 

1 

t" 


n 


n 


tegral  of  f  with  respect  to  ®  X.  ,  denoted  by  J  f(t)  d®  X.(t),  is  the 

«n  i=1  1  ^  i=1  1 

element  of  H11  given  by 


(2.3.2) 


n  k  n 

/  f(t)d  ®  X  (t)  =  £a  •  X. (A.) . 
-T  i=l  1  j=l  3  i=l  1  3 


n  •  • 

A  real  valued  function  f  on  T  is  said  to  be  ®  X. -integrable  if  there  ex- 


i=l 


ists  a  sequence  An- measurable  simple  functions  on  Tn  such  that 


(2.3.3) 

(2.3.4) 


f  converges  to  f  in  ©  X. -measure  and 

i=l  1 


sv 


„  Hm  f  (I  f  )(t)d  e  X  (t)  -  ° 

(  e  x  ;A)-o  t"  *  ”  i«i 


i=l 


uniformly  in  m=  1,2,...,  i.e.:  for  each  e>0  there  exists  6>0  (independent 


of  m)  such  that  for  every  set  A  for  which  sv(®^_1X^;A)  <  6  we  have 


n 


l/n  1Afm(^d  *  Xi(£>l  <  e  for  r-l'2j 

T  i=l 


n 


n 


We  denote  by  L.(  ©  X^)  the  class  of  all  ©  X^-integrable  functions, 
1  i=l  i=l 


Proposition  2.3.1  Let  f(t)  t^e  Tn  be  a  ©  X. -integrable  function  and 

i=l  1 


{fm}m>i  be  a  sequence  of  An-simple  functions  satisfying  (2.3.3)  and  (2.3.4). 


Then  for  every  A  e  A  (1  f)(t)  is  ®  X. -integrable  and  the  sequence 

A  i=l 

converges  to  an  element  in  H®11  uniformly  in  A  e  An.  The  element 


(2.3.5) 


/ndAf)(t)d  ®  X  (t)  =  lim  /  (1  f  )(t)d  ®  X  (t) 
Tn  A  i=l  1  nt~>  T  A  m  i=l  1 


is  called  the  integral  of  f  with  respect  to  ®  X.  over  the  set  A. 

i=l  1 

Sometimes  we  will  use  the  following  notation 


Vfi  *i . V  - 


/  f(t)d  ®  X  ( t )  =  /n(l.f)(t)d  ®  X.(t) 

A  i=l  1  t"  A  i=l  1 

n 

We  now  obtain  a  sufficient  condition  for  the  ®  X. -integrability  of  a 

i=l  1 

function  f  in  terms  of  the  control  measures  y, ,...,u  . 

1  n 

2  n  n  n  n 

Theorem  2.3.1  If  fe  L  (T  ,A  ,  9  y.)  then  f  is  e  X. -integrable. 

i=l  1  i=l  1 


2  n  n  11  n 

Proof  Since  fe  L  (T,A,  ®  y.),  there  exists  a  sequence  {f  }  of  A  - 

-  .  ,  i  m  m>l 

i=l  n 

measurable  simple  functions  such  that  If  I  s  Ifl  a.e.  ®y.  for  m>  1  and  f 
r  1  m1  1  1  .  .  i  m 

i=l 

2  n  n  n 
converges  to  f  in  L  (i,A  ,  ®  y.).  Then  f  converges  to  f  in  ®  y. -measure 

i=l  n  i=l 

and  by  Lemma  2.2.3  f  converges  to  f  in  ®  X^-measure.  Thus  condition 

i  =  l 

(2.3.3)  in  Definition  2.3.1  is  satisfied. 

Next,  for  Ae  An  lA(t) (fm(t) -  fk(t))  is  a  simple  function  for  all 
m,  k  >  1,  i.e. 


yycyy-yy)  -.l^yy 

for  some  a.  e  1R  and  A  , . . . ,A.  disjoint  elements  in  An.  Then  by  definition 

J  lx. 


of  ®  X.  (Theorem  2.2.1) 
i=l  1 


*<Wfk»  <*)*.•  Xi(t)||^  -  II 


I«3  iCA-)||  ^ 

j=l  Ji=l  1  3  n1 


l  n 


i  n 


||  a"  (  l  a.  ®  X.  (A.))  ||  s  ||  l  a.  ®  X.  (A.)  ||  2 ^ 
®  j-l  3i-l  1  3  H®"  j  =  l  Ji  =  l  1  J  V 


and  using  Theorem  2.1.3 


i.  n 


l  l 


II  l  «,  •  X.(A  )||  -  J  I  a  a  <  «  X  (A  ),  ®  X  (A  )> 

j  =1  •*i=l  J  H  j  =1  j  2=1  J1  32  i=l  1  -’l  i=l  1  3  2  H* 

1  2  n  ,  n 

l  a  ®  m  (A  )  =  hAWlyt)  -  fk(t)  |2d  ®  M.  (t) 

j=l  J  i=l  1  3  -p  m  K  i=1  1 


which  goes  to  zero  as  m,k-*-°°  for  Ae  A  because  is  a  Cauchy  sequence 

in  L2(Tn,An,®"_1ni) .  Therefore  for  each  Ae  An  lim  /»fmU)  d  ®  X.  (t) 

A  i=l  1  — 


exists. 


Next,  since  for  each  A  e  An  and  m>  1  l^f  is  a  simple  function,  i.e. 
there  exist  a.  j=l,...,£  and  disjoint  elements  A  ,...,A  of  An  such  that 

J  IX/ 

Vm©  *  'a.©- 

J  =  1  J  J 

n 

then  from  (2.3.2)  and  the  definition  of  sv(  ®  X.;A) 

i=l  1 

a  am 

*  >1  l  T^TT  .Vi(A)|l.,«sllfJI-sv(.Vi;A) 


j=l  f  i=l 

J  n  m  1  oo 


where 


II  fmll  oo  =  S“P  II  fm^H  =  max(|a"|,...f|aj|). 


Hence  we  have  that  for  each  m>  1  /,  =f  (t^)d  ®  X.  (t)  is  sv(  ®  X.  ,  •  )-contin 

m  i=l  1  i  =  l  1 

uous.  Then  by  the  Vitali-Hahn-Saks  Theorem  (Dunford  and  Schwartz  (1958)) 


and  Lemma  2.2.2  we  have  that 
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®n 


n 

as  sv(  ®  X.  ;A)  0 

i=l  1 


uniformly  in  m=l,2,...  .  Then  condition  (2.3.4)  in  Definition  2.3.1  is 

n 

satisfied  and  hence  f  is  ®  X.  -integrable. 

i=l  1  Q.E.D. 

Under  additional  conditions  on  (T,A)  and  the  control  measures  y ^ , . . . , yn 

we  are  able  to  give  a  converse  of  Theorem  2.3.1. 


Theorem  2.3.2  Let  T  £  1R  be  an  interval  of  the  real  line,  A=  B(T)  and 

suppose  that  Pj,...,un  are  finite  non-atomic  measures  on  (T,A) .  Then  a  real 

valued  function  f  on  Tn  is  ®  X. -integrable  if  and  only  if  feL^(Tn,An,  ®  y.). 

i=l  1  i=l  1 


n 

Proof  Sufficiency  follows  from  Theorem  2.3.1.  So  assume  that  f  is  ©  X.  - 

n  i=1 

integrable,  i.e.  there  exists  a  sequence  of  A  -measurable  simple 

functions  that  satisfies  conditions  (2.3.3)  and  (2.3.4)  of  Definition  2.3.1. 

Next,  since  for  each  k,m  fm~ f^  is  a  simple  function,  fm(t)-fk(t)  =  £*_ja.l  (t) 

J=  1  Aj 

say  where  a.  e  1R  j=l,...,&  and  A  , . . . ,A.  are  disjoint  elements  in  An, 

J  ix 

then  for  each  A  e  An  using  Lemma  2.2.1  we  have  that 


(2.3.6) 


!l  J„Mf  "f,  )  (t)  d  ®  X.  (t)  I!  = 

11  ;*n  A  m  k' .  i  -  11  u®n 
T  1  =  1  H 

n  n 

</  lA(f  -f,  )  (t)d  ®  X.(t),  /  l.(f  -f,)(t)d  ®  X.(t)>  . 
inAv  in  k  — ^  .  ,  l  — ^  -Ji  A  m  k' ,  i w  „®n 
T  1=1  T  1=1  H 

11  n  n 

=  l  I  «,  «;  <  ®  X  (A  nA),  ®  X  (A  nA)> 

j1=l  j2=l  ■’1  J2  i=l  31  i=l  J2  H 

a  i 

"  ^vUv-Vj. 

nr"  4-i  l(Aj2nA)n<“)dMin1*  *Unnn 


nAn(A.  nA)11) 


(t) 
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-in  i  (n 

Next,  using  the  notation  of  Corollary  2.2.5,  for  each  permutation  II, 
defined  in  (2.2.17)  is  an  antisymmetric  set,  i.e.  TjjJ n  (T^)^  =  <|>  for  each 

permutation  II*  distinct  from  the  identity  permutation  II  .  Then  for  each  II 
the  above  expression  (2.3.6)  simplifies  as 


nLyvv®i.Vi®ii>- 

r  t„  1=1  H 

Wi  In  ‘ „(iHfm(y-fk(t,)2dwl8...®p„(i). 


T  T 


n 

But  from  Proposition  2.3.1,  if  m,k  -*■  °° 

n 


/n(1A(vv^d.rxi^n 


i=l 


H 


®n 


converges  to  zero  uniformly  in  A  e  An.  Then  if  Sn  =  u  T^ 

n  J1 

L  1  tiC*)  (fm(t)“fjc(t))^d  ®  U.(t)  -  0  as  m,k  - 
T  S  m  k  ,=1  l 

and  since  the  measures  y,,...,y  are  non-atomic 

1  n 

n 

®  y. C(sn)c)  =  o 

i  =  l 

which  implies  that 


/nlfm(I)-fk(D  I  d  ®  y.(t)  ->-0  as  m,k  -*• 

T  i=  1 

2  n  n  n 

Thus  ( fn,}in>i  *s  a  Cauchy  sequence  in  l  (T  ,A  ,  ®  jj^)  and  since  by  Corol- 

n  i=l  2  _n  n  n 

lary  2.2.7  f  +f  in  ®  y.-meaure,  then  f  belongs  to  L  (Tn,A  ,  ®  y.). 

i=l  1  i=l  1 

Q.E.D. 

,  n  ,  n 

Properties  of  }n  f(_t)  d  ®  X.  (t)  Since  the  integral  J ^ f ( t_) d  ®  x.  ft) 

T°  i=l  1  T  i=l  *  “ 
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has  been  constructed  using  the  theory  of  integration  w.r.t.  vector  valued 
measures,  then  this  integral  inherits  the  properties  from  that  theory.  For 
the  sake  of  completeness  we  present  here  some  of  these  properties.  They  are 
Propositions  2. 3. 2-2. 3. 5  whose  proofs  are  given  in  Kussmaul  (1977).  We 
write  them  here  using  our  notation  even  though  they  hold  for  every  bounded 
vector  valued  measure. 

On  the  other  hand  we  are  able  to  prove  another  kind  of  properties  for 
n 

/  f(t)d  ®  X. (t)  which  use  the  special  structure  of  symmetric  tensor  product 
T  n  i=l  1 

of  ®  X.  and  Assumption  2.2.1.  They  do  not  necessarily  hold  for  every  vec- 
i=l  1 

tor  valued  measure.  They  are  presented  in  Theorem  2.3.3,  Lemmas  2.3. 1-2. 3. 2 
and  Corollaries  2.3. 1-2. 3. 3. 

n  n 

Proposition  2.3.2  Let  f  be  a  ®  X. -integrable  function  on  T  ,  i.e. 

n  i=l  1 

f  e  L.  (  ®  X.).  Then 

1  i-i  1 

n 

a)  If  ge  L.  (  ®  X.)  and  a, be  1R  ,  for  each  Ae  A  we  have 

1  i=l  1 

n  n  n 

J(af(t)+bg(t))d  ®  X  (t )  =  a  /  f(t)d  ®  X  (t)  +  b  /  g(t)d  ®  X  (t) 

A  i=l  1  A  i=l  1  A  i=l  1 

n  n  n 

b)  /  f(t)d  ®  X.  (tj)  is  a  countable  additive  bounded  measure  on  (T  ,A  ) 

(*)  i=l  1 

with  values  in  H  such  that 

n  n 

sv(  /  f(t)d  ®  X.(t);A)  0  as  sv(  ®  X.  ;A)  -*■  0. 

(•)  i=l  1  i=l  1 

Proof  See  Kussmaul  (1977)  Proposition  10.4. 


Proposition  2.3.3  Let  S  be  the  vector  space  of  real  An-measurable  simple 
functions.  Define  for  feS 

II  f  ||  =  sv(  /  f(t)d  l  X ,(t);Tn)  . 

(•)  i=l 


(2.3.7) 


a)  ||f  ||  is  a  norm  on  S. 

b)  Let  v  be  the  nonnegative  measure  on  An  given  by  Lemma  2.2.2.  Then 


every  J|  •  || -Cauchy  sequence  {f  }  .  of  elements  in  S  converges  in 

in  1 


n 


©  X. -measure  (and  hence  in  v-measure)  to  an  A  -measurable  function 
i=l  1  _ 
f  on  T\ 


c)  The  space  L,(  ©  X. )  of  ©  X. -integrable  functions  can  be  identified 
1  i=l  i=l 

with  the  completion  of  S  with  respect  to  the  norm  ||  •  ||  given  by 
(2.3.7). 


d)  The  linear  operator  I  (•;  X  ,...,X  ):  L. (  ©  X.)  -►  defined  by 

n  l  n  i  i 

n  A=1 


-  ^  n 

In(f;  Xlf...,Xn)  =  Jnf(t)d  ©  X^t)  is  continuous  with 


norm 


I  <  1. 
n 


Proof  See  Kussmaul  (1977)  Theorem  10.8. 

n 


,®n 


Proposition  2.3.4  a)  Let  f  e  L. (  ©  X.).  Then  the  element 

1  i=l 
n 

L  f(t)d  ©  X At)  e  n 

T  i=l 

is  uniquely  determined  by 


i  X.(il>F>  ■  Jn£(t)d<  S  x.,F>  (£) 
H  T 


i=l 


i=l 


n 


for  all  Fe  H®11,  where  <  ©  X.  ,F>(*)  is  the  signed  meaure  on  An  given  by 

i=l  1 


n  n 

<  ©  X. ,F>(A)  =  <  ©  X. (A) ,F> 


i=l 


i=l  "  H®n 


A  c  An. 


n 


b)  An  An-measurable  function  on  T11  is  ©  X^integrable  if  and  only  if 


,®n 


i=l 


for  every  Fc  H  f  is  <  ®  X^,F>-integrable  and  the  family 
{/  f(t)d<  1  X  F>(t):  II  F || 

rti'*  •  _  1  *  II  11 


SI  F  €  H®n} 


35 


is  weakly  sequentially  contact. 


Proof  See  Kussmaul  (1977)  Corollaries  1  and  2,  page  107. 


Proposition  2.3.5  (Lebesgue  Dominated  Convergence  Theorem) . 


n 


Let  be  a  sequence  of  ®  X.  -  integrable  functions  which  converges 

m  m_  n  i«l  *  .  n 

to  a  function  f  in  ®  x  -measure  and  f  £  g  mi  1  where  g  is  a  9  X.- 

i=l  n  i=l 

integrable  function.  Then  f  is  ®  X^  -  integrable,  f  converges  to  f  in 
n  i=l 

the  L1 (  ®  X.)  -  norm  of  Proposition  2.3.3  and 
i=l  1 


L  f(l)d  ®  X  (t)  =  lim  /  f  (t)d  ®  X  (t). 
T  i=l  m-»°°  T  i=l 


Proof  See  Kussmaul  (1977)  Corollary  3,  page  108. 


In  all  the  above  properties  (Propositions  2. 3. 2-2. 3. 5)  we  have  only 
n 

used  the  fact  that  ®  X.  is  a  bounded  vector  valued  measure.  Now  we  shall 

i=l  1  n 

use  the  special  structure  of  symmetric  tensor  product  of  ®  X.  and  the  hypo- 

i=l  1 

theses  in  Assumption  2.2.1  to  show  additional  properties  of  the  integral 


L  f(i>d  9  Mi)- 

T  i=l  1 

Our  first  result  gives  an  .expression  for  the  inner  product  of  two  in¬ 
tegrals  and  consequently  for  their  norm.  We  first  introduce  some  new  nota¬ 
tion:  Let  pQ  be  a  o-finite  non-negative  measure  on  (T,A)  such  that  p. -«U0 

i,j=l,...,n  (y  =  \  y.  for  example)  and  R(s)  =  (r..(s))  be  the  non-nega- 
i=l  1  1J 

tive  definite  matrix  a.e.  dyQ  given  by  (2.2.2),  that  is 


dy. . 

r.  .(s)  =  (s) 

1J  dyn 


a.e.  dy„  . 
o 


For  each  t_  =  (tj,...,tn)  e  ]R n,  let 


,®n 


R  (t)  =  R(t1)®...«R(tn) 


Y 


(2.3.8) 
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where  6  denotes  the  Kronecker  product  for  matrices,  i.e.  if  A  *  (a^)  is  an 
(m*n)  matrix  and  B  =  (b^)  is  a  p*q  matrix,  then  A®  B  is  the  (mpxnq)  matrix 


A®  B  = 


allB 

a12B 

...  alnl 

a21B 

a22B 

...  a2nl 

a 

L_  ml 

VB 

...  a  1 
mn 

•  ®n. 


Then  defined  in  (2.3.8)  is  an  (nnxnn)  non-negative  definite  matrix 

,  n 

a.e.  dyQ. 

Let  (e_^)”_  be  the  canonical  basis  in  Rn.  For  each  permutation 
n  =  (IIj, . .  .,1^)  of  (l,...,n)  let 


(2.3.9) 


Ji  a  ^ 

e«n  'in*'"*5!! 

1  n 


and  for  a  given  real  valued  function  f  on  Tn  define  the  (R n)an- valued 


functions  on  T 


,n 


(2.3.10) 
and 

(2.3.11) 


*L<i>  -  fCin) 


f^(t)  4  I  fj  (t) 

®n  —  n!  “  ®n  — 


We  shall  denote  by  f_  (t)’  the  transpose  of  f _ (t) . 

®n  —  ®n  — 

Using  the  above  notation  we  now  establish  the  next  result. 


Theorem  2.3.3  a)  If  f  ig  e  LZ(Tn,An,  ®  y.) 

i=l  1 


</nf©di®lXi£>  • 


(2.3.12) 


b)  If  £  e  1/(1*,  An,  ®  y.) 

i=l  1 

M  f  f(t)d  •  xl(y||  2  -  I  f  (g 

T  1=1  H  T 

s  /n|f(I)|2  d  ®  y.(t). 

T  i=l 

2  n 

Proof  First  we  will  show  that  for  f e  L  (Tn,An,  ®  y.) 

i=l  1 

t2-3'13)  {nf*n(y'R®n<l)f«n(ydl,o(y  <  “• 

Y(t)'R  (t)B(t)dy  (t)  is  a  semi-inner  product  in  the  space 
—  o  ~ 

of  An-measurable  (lRn)®n-valued  functions  on  Tn,  it  follows  by  the  triangle 
inequality  that 

(2.3.14)  0  s  Lf9n(t)'R*nCt)f9n(t)dd"(t) 

Next  using  (2.3.8),  (2.3.10),  the  transformation  theorem  and  the  fact  that 
dyjL 

rii(s)  =  - (s)  a.e.  dyQ,  we  have  that  for  each  permutation  II  =  (11^ ,  - .  -  ,Hn) 


n  ..  .  .n, 


=  Lif  C£n)  rn  n.(V,,,rn  n  CV  dyo^ 

T  11  n  n  n 

d  ®  y. 

-  /„f2Cs)ril(!l)"-rnn(sn)dl,S(5)=iflf2(£)  Ci)du"(s) 


■  /„ I *(»?  I  <•  •  «;(£)• 

T  i=  1 
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Then  from  (2.3.14)  we  obtain  that  if  f  e  L^T^.A11,  ®  p.) 

i=l  1 


(2.3.15) 


LWi)  ,R*n(t)fen(t)dg"(y  s 


/„lf(t)|2d  •  ii, tt;  <  " 
t”  i=l  1 

which  proves  (2.3.13)  and  the  inequality  in  (b) 


Thus  applying  Cauchy-Schwarz  inequality  we  have  that  if  f,g  e 


L2(Tn,An,  ®  p.),  then 


i=l  1 


Now  we  shall  show  that  (2.3.12)  holds  if  f  and  g  are  A  -measurable 
real  simple  functions,  that  is 

f(t)  =  l  akl  (t) 


g(t)  =2  b  1  (t) 

k=l  K  Ak 

where  a^  b^  c  IR  k=l,...,m  and  Aj,...,Ak  are  disjoint  sets  in  An.  Then 

*  n 

using  the  definition  of  the  integral  /  f(t)d  o  X. (t)  for  simple  functions 

T  i=l  1 

and  Lemma  2.2.1 


<  /nf^d  ®  X.(t),  J  g(t)d  ®  X  (t)> 


m  m 


=  Z  Z  ajbk  <  ®  X  (A  ).  8  X  (Ak)> 
j=l  k=l  3  K  i=l  1  3  i=l  1  K  H  n 

*  m  m  tt 

7  y  a.b,  y  p1TT  ®. ..®p  n  (A.nAi) 

nl  j.i  w)kn  ini  nV  J  v 
’it  Z  /nf(-y*n©dlJin ,*■  •  •*<iMnJi  ^ 

n  T  1  n 

■JTi  Z  /„f(il8n(t)  rin  (tnldUoCt) 


-p  lL**nU'R 

"•nr1 

where  f^  (t)  =  (t)  for  n  the  identity  permutation. 

®n  —  ®n  — 

Next  for  each  permutation  II,  applying  the  transformation  theorem  we 
obtain 

^f£n(t)'RanCt;g>nCi)c<Ct) 

"nT  ^nfn(-)gn*(y  rn  n*(li)  ■  •  •rnnn*(tn,duol-y 
=  nT  I,|)lft^8n*(i)rin*(sl)  •  •  'rnJI*(5n)dllo(- 


Then  (2.3.12)  holds  for  An-simple  functions  using  (2.3.11). 

2  _n  n  n 

Now  suppose  that  f,ge  L  (T  ,A  ,  ®  p.).  Then  there  exist  sequences 
n  i=1  1 

{f  }  .  {g  }  of  A  -measurable  simple  functions  such  that  f  ■+  f  and 
m  m£l  m  m>l  r  m _ 

m-K» 

2  n  n 

gm  -►  g  in  LZ(T  ,A  ,  *  p.)  and  by  Theorem  2.3.1 
m-*=°  i=l 

/.*»(*)<■  ®  xi(i>  *  /„fwd»xi<y 

Tn  “  i=l  1  nr~>  T  i  =  l  1 


fg(t)d®x(t)  -  /  g(t)d®X(t). 

r  “  i  =  l  1  m-*»  IT  i=l  1 


Then  it  is  enough  to  show  that 


f«W'» 


Denote  L  (  ®  y.)  =  L*(r \A  ,  ®  y. ) .  Then  using  (2.3.15) 
i=l  1  i=l  1 

*  -  fcy’,BSn(t;g9n(iidu"(y| 

*  -  ^><<1)1 

5  ||  f  -f ||  ||  g  -g||  ♦  ||  f  -f||  ||  g|| 

11  m  11  2  n  11  6m  611  n  11  m  '■  n  11  611  n 

L  (  ®  y.)  t/(®y.)  lT(®y.)  L  (  ®  y.) 

i=l  1  i=l  i=l  1  i=l  1 

+  II  £ll  n  II  8-8.11  n  0  as  m-~ 

l2(  «  w.)  L2  (  ®  y.) 

i=i  1  i=l  1 

2  " 

because  fm  -*■  f  and  gm  ■+•  g  in  L  (  e  y.) . 

irx»  nr*30  i=l  1 

(b)  follows  from  (a)  taking  f  =  g. 

Q.E.D. 

Corollary  2.3.1  If  A  is  an  antisymmetric  set  in  An  then  for  all 

f  €  L2(Tn ,An,  •  y.) 

i=l  1 

ii  /  f(t)d :  x  (t>nR  .jj  ifCt)i2d !  v  (1). 

A  1=1  H  A  1=1 

Proof  Since  An  A^  =  4>  for  all  II  distinct  from  the  identity  permutation  n 
then  using  (b)  in  the  last  theorem 

II  /  f(-)di’1Xi(i-)  1 1  ,R*n(l)£s„(i>d>‘S(l) 


“TTT  I  L  f(t)iA(t)fn(t)i  n(t)dV  (t) 

Ji  T  A  l  n 

=■^7  /  |f(0  |2  dyj®. .  .®dyn(t) . 

A 

Q.E .D. 

Corollary  2.3.2  If  y„  =  y  i,j,  =  l,...,n  and  f  e  L2(Tn,An,yWl) ,  then 

||  /  f(t)d  •  X  ( t)  ||  2  =  f  |£(t)  |  V"(t) 

■r  i=l  T 

where  f(t)  = l  fR(t) 

n 


Proof  Taking  yQ=  y,  then  r. . (t)  =  1  all  i,j,  =  l,...,n  and  from  Theorem 


2.3.3  (b) 


f(t)d i»iX1(i)  II  ^  =  /„  f9n(t)'R*n(t)feit(t)dpS(t) 


=1TT  l  /„  *(t)fIItt)dlin(t)  =  Jn|f(t)|2du®(t). 

n-  n  Tn  ii  Tn 


Q.E.D. 


Corollary  2.3.3  If  y„  =  y  i,j  =  l,...,n  and  f  is  a  symmetric  function 
in  L  (T  ,A  ,y  )  then 

ll ;  £(tjd » x  c t)  n 2  =  i2dU*n(t)  . 

T  ■  i=l  1  HW  T 

The  proof  follows  from  the  last  corollary  since  f  =  f. 


The  next  lemma  may  be  seen  as  a  Fubini's  type  theorem  for  multiple  sto 
chastic  integrals.  We  write 

n 

I  (f;  X. , . . . , X  )  =  /_  f(t)d  »  X. (t) . 
n  i  n  f  "  u  1“ 

2.3.1  Let  f (tj ,  —  *tn)  =  fjCtj) ...fn(tn)  where  f i  e  L2(T,A .y^ 


Lemma 


i=l,...,n.  Then  f  is  e  X. -integrable  and 

i=l 


i„(f;  x 


xj  =  Iv  (f.)®...9Iv  (f  ) 


where  for  each  i=l,...,n,  IY  is  the  isometry  between  L  (T,A,y.)  and  H 

i  i 

given  by  Theorem  2.1.1. 

j  n 

Proof  By  Fubini's  Theorem  f(t) =  f. (t.) . . .f  (t  )  belongs  to  l/(T  ,A,  ®  y.) 

n  i=l 

and  hence  by  Theorem  2.3.1  f  is  ®  X. -integrable . 

i=l  1 

First  assume  that  each  f^  is  a  simple  function  on  (T,A),  i.e. 

fi<s)  a‘^ij(s) 

where  a^  ■  e  R  j=l,...,k^  and  A^,...^^  are  disjoint  sets  in  A  i=l,.... 


Then 


=  j1  ..J"  a  ...t  1 


h’1  V1  1 

and  by  Definition  2.3.1  and  Theorem  2.2.1 


! L ,  lj,  nj  A,.  *...*A  .  — J 


n  'lj. 


k.  k 
rl  rn 


I_(f;  x  , ...,X  )  =  \  ■  *  * £n  a. .  . ..a  .  ®  X.(A  x...*A  .  ) 

1  n  j,-l  )  -1  ljl  n,n  UI  1  ^1 

i  n 

k  k 

=  1  ‘  "  I"  ai •  • • *a  •  X. (A  .  )®. . .©X  (A  .  ) 

V1  V1  Jl  nJn  1  h  "  nJn 


J1  Jn 


=  XX  (fl)®,,-®IX  (fn5 
1  n 


2  • 

Next  since  each  f^  e  L  (T,A,vl),  there  exist  sequences  (£?)n^  i=l,.. 

of  simple  functions  on  (T,A)  such  that  f?  -*•  f  in  L^(T,A,y.)  for  each 


i=l,...,n.  Define 


f”(t)  =  f5‘(t1)...f^(tn) 

2  n 

then  f™  -*■  f  in  L  (Tn,An,  «  y.).  Next  since  I  (»;X.»...,X  )  is  a  bounded 


linear  operator,  to  prove  the  lemma  it  is  enough  to  show  that 


1  CfJj.-.ixC#  -  ix(f1)....«x(fn). 

1  n  m-K»  i  n 

Let  o£  be  the  projection  operator  defined  in  (2.2.3),  then 

H  IX1(fl)®**’®IX  ffn5  "  IX1(fl)®’“®IX J-{t?  II  «n 
1  n  l  n  h 

,  1!  Ix  Cf?»...Mx  tO  -  I  Wpe-.-.t  (£„)||^ 

l  n  l  n  n 

-  2<IXiCf>..«xnC#.  IX1'fl>--WXntf")> 

=  II  IX1^fl^  II  H'“  II  JXn^O  II  H  4  II  IX1^fl)  II  H  •  •  ’ll  IXn^V  II  H 

"  2<  Ix/fl',IX,t£l'>H'”<IX  JX 

11  n  n 

which  goes  to  zero  as  m  +  ®  since  by  Theorem  2.1.1 


K.'^iIh-K"?*,  ,  -  Iifiiif2 


2  ^  II  fi  II  2  .=  II  TX.  II H 

L  (y  )  m-x»  L  (vu)  x 


2  2 

for  each  i=l,...,n,  where  L  ( ni)  =  L  (T.A.ul) 


Q.E.D. 


The  next  result  gives  the  orthogonality  of  multiple  integrals  of  differ 
ent  order.  We  use  the  notation  of  Lemma  2.2.5. 

nl  n2 

Lemma  2.3.2  (Orthogonalty)  If  n,  A  n,,  and  f  c  L,(  ®  X.),  g  e  L7 (  ®  X.) 
-  1  1  1  i=l  1  i=l 

then  I  (f:  X,,...,X  )  is  orthogonal  to  I  (g;  X. ,...,X  )  with  respect 

n^  l  n^  n2  i  n2 

to  the  inner  product  <•,•>  in  EXP(H) . 
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9n 

Proof  From  Definition  2.3.1  I  (f;  X_,...,X  )  takes  values  in  H  and 

-  _  n.  l  n.  - 

«n2  1  1  ®n, 

I_  (f;  X, ,  ...,X_)  in  H  .  Then  the  lemma  follows  since  for  n^  f  n2  H  and 


n 


^  '  1 
*2 

H  are  orthogonal  in  EXP(H) 


Q.E.D. 


The  case  of  only  one  o.s.m.  X  To  conclude  this  section  we  consider  the 
special  case  of  only  one  measure  X,  i.e.  X  is  an  orthogonally  scattered  mea¬ 
sure  on  a  measurable  space  (T,A)  with  values  in  and  control  measure  p.  We 
use  the  hypotheses  and  notation  of  Proposition  2.2.1  and  Lemma  2.2.6.  For 
f  an  X^-integrable  function  we  will  write 


(2.3.16)  In#(f)  =  /nfCOdX^Ct)  =  In(f;X)  . 

Additional  properties  to  those  given  above  are  now  presented  for  the 

integral  I  (f) .  They  are  similar  to  those  for  the  multiple  Wiener  inte- 
n® 

gral  with  respect  to  a  Gaussian  random  measure  presented  in  It6  (1951). 

For  a  real  valued  function  f  on  Z  we  denote  by  f  the  symmetrization 
of  f  defined  as 

-nn  l  f<in>  • 

The  exponential  space  EXP(H^)  is  defined  in  (2.2.21)  with  inner  product 

<*,•>  given  by  (2.2.22)  with  corresponding  norm  ||  •  j| 

0  0 

Proposition  2.3.6  Let  f,g  e  L^(p*°)  =  L^  ( T11 ,  An ,  p*1)  .  Then 


a) 

b) 

c) 

d) 


Wf)  -  * 


<Wf)’  X-(S)> 


n®' 


H 


on 


<f’g>,2r  «n.  =  <f’g>2.  on,' 
L  (p  )  L  (p  ) 


<Xn®^  *  W^e  "  2,  on, 

L  (p  ) 


II  II  e  *  II 

HX 


L  (P  ) 


i 2  r  ®n-» 
L  (p  ) 


5 


Proof  a)  Let  f  be  an  elementary  function  of  the  form 


(2.3.17) 


f(t) 


—■ )  T  1ai1...i  1A  x...xA.  ^ 

1,  — l  =1  1  n  l,  l 


n 


n 


where  a.  .  e  ]R  and  A,..., A  are  disjoint  sets  in  A.  Then 

!,...!  1  P 


‘1  n 


a 


*u)  I  l  ai  i 


n  .  .  ,  x....*  A.  X...XA.  '•-n-' 

II  i.  . .  .1=.=!  1  n  i,  i 

In  In 


and  from  Definition  2.3.1 


=  .  I  X<\  > 


•  •  i  Ai  •  •  •  *  x  i 

l,  . . .1  =1  1  n  1 

1  n 


n 


and 


‘ns®  4  I  .  I  X'Ai  >»---*XCA  ) 

n  1, . ..1=1  1  n  „-l  „-l 


kl - n 


n 


(i) 


(n) 


But  for  all  II  =  (n^  *  •  *  *  ,n(n)^  Permutation  (l»...,n) 


X(A.  )®. ..®X(A.  )  =  X(A.  )®...®X(A.  ) 


L1 


n 


n 


-l 


CD 


n 


-l 


(n) 


Then  I  ff)  =  I  (f)  if  f  is  an  elementary  function  as  in  (2.3.17) 
n®  n 


2  n  n  ®n 

If  f  €  L  (T  ,A  ,y  )  a  limit  argument  applies,  since  elementary  functions 


2  n  Ti  ®n 

form  a  dense  linear  manifold  in  L  (T  ,A  ,y  ) . 


b)  It  follows  from  Theorem  2.3.3  as  in  Corollary  2.3.2  that 


H 


n  t 


=  L  =  <f,i>  2 

t1  LZ(y®") 


and  the  second  equality  of  (b)  follows  from  (a) .  The  proof  of  (c)  and  (d) 
follows  from  (b)  and  Lemma  2.3.2 


Q.E.D. 


We  denote  by  L2(y8n)  the  subspace  of  L2(Tn,An,)jai)  consisting  of  all 
symmetric  functions  ( f C t =  f(t)  for  all  II)  . 

Proposition  2.3.7  (Orthogonal  expansions) .  Let  ip  e  EXP (H^) .  Then 


♦’  i  Tn.'V 


(il  *11  e“ convergence) 


~  ^2  ®n 

where  fn  e  L  (y  )  n>  1.  Moreover 

H<  =  Il|fnll52r  •  -ill W?„) II 

n=0  L  (y  )  n=0  Hx 

i.e.  the  system  of  multiple  integrals  (I  (f  ) :  f  e  L  (y  )}  is  complete 

n®  n  n 

in  EXP(HX)  . 

Proof  For  h  e  Hx  let 

,,  ,  1  ,®2  1  ,®3 

exp  ®(h)  =  (l,h,  —  h  ,  —  h  ,...)• 

fzr  /rr 

It  is  known  (Guichardet  (1972))  that  {exp  ®(h) :  he  H  }  generates  the  space 

A 

EXP(HX)  and  therefore  if  \pe  EXP(»X) 


(2.3.18) 


^  =  l  K 


ip  e  H„  n£  1  ill  =  constant, 
n  X  ° 


Next,  let  h.  e  Hy  i=l,...,n.  Then  by  Theorem  2.1.1  h.  =  IY(g.)  g.  e 

1  A  1  A  1  1 

2 

L  (T,A,y)  i=l,...,n  and  by  Lemma  2.3.1  and  Proposition  2.3.6  (b) 


h,®. .  .®hn  =  IxCg^a.-.alyfgJ  =  I^Cg,  •  • -gj  =  I„JfJ 


Xven'  n®  1  n  n®v  n' 


where  f^  =  g^...g  .  But  from  Proposition  2.3.6  (b)  there  is  an  isometry 

A  /y  A  m  j., 

between  L  (y  )  and  a  closed  subspace  R  of  HY  where  R  =  {I  (f):fe  L  (y*11) } 

n  x  n  n® 

Then  since  elements  of  the  form  h,®...®h  generate  H?1,  it  follows  by  con- 

n  a 

tinuity  of  I  that  if  ip  e  H?11,  then  \p  =  I  ( f  )  where  f  e  L2(y®n)  .  Then 
n©  n  x  n  n®  n  n 

the  proposition  follows  from  (2.3.18). 

Q.E.D. 


CHAPTER  III 


PRODUCT.  STOCHASTIC  MEASURES  AND  MULTIPLE  STOCHASTIC 
INTEGRALS  OF  L2-INDEPENDENTLY  SCATTERED  MEASURES 


Let  (T,A)  be  a  measurable  space  and  (ft,F,P)  be  a  complete  probability 
space.  The  real  valued  set  function  X  on  (T,A)  is  said  to  be  an  indepen¬ 
dently  scattered  measure  (i.s.m.)  on  (T,A)  if  for  each  sequence  of  pair¬ 
wise  disjoint  sets  in  A,  ^(A^))^^  is  a  sequence  of  independent 

random  variables  on  (ft,F,P)  and 


X(  U  A  )  =  l  X(A.)  a.s.  . 

k=l  K  k=l 

2  2 
We  say  that  X  is  an  L  (ft) -valued  i.s.m  if  X(A)  belongs  to  L  (ft,F,P)  for 

2 

each  AeA  and  the  above  series  converges  in  L  (ft).  Zero  mean  (E(X(A))  =0 
2 

V  A  e  A)  L  (ft) -valued  independently  scattered  measures  are  special 

cases  of  orthogonally  scattered  measures. 

In  this  chapter  we  apply  the  results  obtained  in  the  last  one  to 
2 

study  L  -valued  product  stochastic  measures  and  multiple  stochastic  m- 

2 

tegrals  of  non- identically  distributed  L  -independently  scattered  measures. 

We  include  the  Gaussian  (Section  3.1),  Poisson  (Section  3.2)  and  general 
2 

L  -independent  increments  process  (Section  3.3)  cases.  Although  the  last 
situation  includes  the  first  two,  we  gain  generality  in  the  measurable 
space  (T,A)  by  studying  them  separately,  apart  from  the  fact  that  results 
presented  in  the  first  two  sections  are  later  used  in  Section  3.3.  In 
each  case  we  present  the  identification  of  the  exponential  space  and  the 
symmetric  tensor  products  of  the  common  Hilbert  space  where  the  indepen- 


/  V  >  ’ 

.»  1  I 
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dently  scattered  measures  take  values.  We  conclude  the  chapter  with  Sec¬ 
tion  3.4  where  we  make  comparisons  with  recent  works  in  the  literature 

2 

including  the  one  by  Engel  (1982)  on  the  L  -theory  of  products  of  differ¬ 
ent  stochastic  measures. 


3.1  Gaussian  random  measures 


In  this  section  we  consider  non- identically  distributed  Gaussian 

random  measures  and  their  symmetric  tensor  products.  We  use  the  well- 

known  identification  of  the  exponential  space  of  a  Gaussian  process  (Neveu 

(1968),  Kallianpur  (1970))  and  our  results  of  Section  2.2  to  obtain  an 
2 

L  -valued  product  stochastic  measure.  Further,  applying  the  theory  of 
Section  2.3,  we  construct  multiple  integrals,  obtaining  as  special  cases 
the  multiple  Wiener  integral  of  Ito  (1951)  and  the  multiple  stochastic 
integral  with  dependent  integrators  of  Fox  and  Taqqu  (1984) . 

Let  (ft,F,P)  be  a  complete  probability  space,  T  c  (d  £  1)  a  mea¬ 
surable  subset,  A  =  B(T)  its  Borel  subsets  and  A£  its  relatively  compact 
subsets.  Let  W(A)  =  (Wj(A) , . . . ,Wn(A))  A  e  A£  be  a  zero  mean  n-dimension- 
al  Gaussian  random  field  on  (ft,F,P),  such  that  W(A)  and  W(B)  are  indepen¬ 
dent  if  AnB  =  <J,  A.BcA.  Then  for  each  i=l,...,n  W.  is  a  Gaussian 

c  *  1 

2  W 

random  measure  and  therefore  an  L  (fi,F  ,P) -valued  orthogonally  scattered 

w 

measure,  where  F  =  a(W(A);  A  e  Ac) .  Further,  W^  and  W^  are  independent 
(and  hence  orthogonal)  over  disjoint  sets  for  i,j=l,...,n.  Define 


(3.1.1) 


(3.1.2) 


and  let 


y.(A)  =  E[W.(A)]' 


A  e  Ac  i=l , . . .  ,n 


y..(AnB)  =  E(W.(A)W,.(B))  A,  B  e  A£  i,j=l,...,n 


H  =  sp  (a'W(A) :  a  e  IR  ",  At  A  } 


(3.1.3) 
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2  W 

be  the  Gaussian  space,  closed  subspace  of  Lr(n,F  ,P)  generated  by  W. 
Then  each  is  an  H-valued  orthogonally  scattered  measure  on  (T,A)  with 
control  measure  which  we  assume  finite  for  i=l,...,n.  (If  W  is  a 
Wiener  process  this  finiteness  assumption  means  T  has  to  be  a  bounded 
set,  since  vu  is  Lebesgue  measure.) 

It  is  known  (Proposition  7.3  of  Neveu  (1968))  that 

^2  W 

(3.1.4)  EXP (H)  =  L  (ft,F  ,P) 
where  for  all  h  e  H 

(3.1.5)  4>(exp  ®(h))  *  exp(h-y  E(h2)) 

exp  ®(h)  =  l  (  ±  )%  h®"  e  EXP(H) 
n£0 

and  that  (iKexp  ®(h)):heH}  generates  L2(Q,FW,P). 

2 

In  our  first  result  of  this  chapter  we  obtain  an  L  -valued  product 
stochastic  measure  of  the  Gaussian  random  measures  W1>...,Wn. 

Proposition  3.1.1  Let  i=l,...,n  be  Gaussian  random  measures  on  (T,A) 

satisfying  the  above  conditions.  Then  there  exists  a  unique  L2(fl,FW,P)- 
n  n 

valued  measure  ®  W.  on  (T  ,A  )  such  that  for  A.  e  A  i=l,...,n 
i=l  x  1 

n 

(3.1.6)  ®  W,(A.*...*AJ  =  W.(A.)®...®W  (A) 

ii  n  ii  n  n 

and  for  A  e  An 

n 

E(  ®  W  (A))  =  0 
i=l  1 

n  1  TT 

VAR(  ®  W  (A))  =  —  l  W1TT  ®-..®ynn  (AnAJ )  . 
i=l  1  nI  n  IJll  n  n 

n 

Proof  Existence  and  uniqueness  of  the  H^-valued  measure  ®  W.  follow 
-  i=l  1 
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n 


2  W 

from  Theorem  2.2.1.  By  (3.1.4)  ®  W.  is  seen  as  an  L  (fl,F  ,P) -valued 

i=l  1 

n  go 

measure.  Since  for  each  nsl,  ®  W.  isH  -valued  and  H  is  orthogonal 


n 


i=l 


to  H  =  1R ,  then  E(  ®  W.(A))  =  0  for  Ae  An.  The  expression  for  the  var- 

i=l  1 

iance  follows  from  (2.2.14)  in  Corollary  2.2.2. 


Q.E.D. 


n 


The  H  -valued  measure  ®  W.  is  an  example  of  the  symmetric  tensor 

i=l  1 

product  measure  constructed  in  Section  2.2.  Then  all  results  of  that  sec- 

2  n 

tion  may  be  applied  to  this  L  (Q) -valued  product  stochastic  measure  ®  W. . 

n  i=l  1 

In  order  to  compute  the  symmetric  tensor  product  measure  »  for  some 

sets  A  e  An  we  shall  use  the  identification  of  the  Exponential  space  of  a 

general  Gaussian  space  studied  by  Neveu  (1968)  and  Kallianpur  (1970) .  The 
next  well  known  result  is  Proposition  7.5  in  the  work  of  the  first  named 
author.  We  present  it  here  for  the  sake  of  completeness  and  later  reference. 

Proposition  3.1.2  (Neveu  (1968)).  If  H  is  a  Gaussian  space  and  hj,...!^ 
are  orthogonal  elements  in  H,  then 


(3.1.7) 


h.  x@...®h,  K  =  (r.!)  *  H  k  (h.;cT) 
1  ^  i=1  n.  j*  j 


where  a:  =  E(h7) ,  n  =  £  n.  and  h  (x;a  )  are  Hermite  polynomials  defined 
J  J  jsj  3  m 

by 

(i  (x;o2)  -  t-o2)"  ^  e-^'2”2)  o2>0,  «0. 

dxn 


Using  the  above  proposition  and  the  notation  in  (2.2.7)  we  obtain  the 
following. 


Proposition  3.1.3  Let  H  be  a  Gaussian  space  and  h^  c  H  i=l,...,n.  Then 

(3.1.8)  h,®...®h  * 

In 
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(n!j 3/2  Y(-l)*  ft  (  l  1  (i)h  E(  l  1  (i)h  )2). 


£  i=l  N 


i=l  N 


The  proof  follows  from  (2.2.7)  and  (3.1.7). 


The  first  few  expressions  given  by  (3.1.8)  are 


(3.1.9)  h.®h2  =  (2P{h1h2-E(h1h2)} 

(3.1.10)  h1®h2®h3=  (SlJ^hjhjhj-  h1E(h2h  )  -  h2E(h1h3)  -  hjEfhjhp} 

(3.1.11)  h1®h2®h3®h4=  (AO^h^h^h^  -  hjh2E(h3h4)  -  hjh^E^h^ 

-  h2h4E(h1h3)  -  h2h3E(h1h4)  -  h^Efl^lij)  -  hjh^O^) 

+  E(h1h2)E(hJh4)  ♦  E(hxh3)E(h2h4)  +  E(hxh4)E(h2h3)  } 

where  hx>...,h4  e.  H.  They  are  called  Multivariate  Hermite  polynomials 
(Fox  and  Taqqu  (1984)). 

Using  the  last  two  propositions  we  are  now  able  to  compute  the  symme¬ 
tric  tensor  product  measure  for  some  sets  in  An. 

Corollary  3.1.1  Let  VT  i=l,...,n  be  Gaussian  random  measures  as  in  Prop¬ 
osition  3.1.1.  Then  if  Ax,...,An  are  disjoint  sets  in  A 


(3.1.12) 


®W  (Ax...xA)  =  (n!)  W.  (A.)  . .  .W  (A  )  . 
li  n  li  n  n 


Proof  By  (3.1.6)  in  Proposition  3.1.1 


®  W  (A  x...xA  )  *  W  (A  .)»... «W  (A  ) . 
ii  n  ll  n  n 

Since  Ax,...,An  are  disjoint  sets  in  A,  then  by  (3.1.2)  W^Aj)  , . . .  ,Nn(An) 
are  orthogonal  elements  in  H  where  the  latter  is  defined  in  (3.1.3).  Then 
(3.1.12)  follows  using  Proposition  3.1.2  with  k=n,  n^l. 


52 


2 

i=l,...,n,  and  since  h(x;o  )  =  x. 

Q.E.D. 

Corollary  3.1.2  Let  W1»...,Wn  be  Gaussian  random  measures  as  in  Proposi¬ 
tion  3.1.1.  Then  if  A^  e  A  i=l,...,n 

n 

(3.1.13)  ©  W.(A ,x...*A  ) 

i=l  *  1  n 


The  proof  follows  by  (3.1.6)  in  Proposition  3.1.1  and  Proposition  3.1.3. 

In  the  next  corollary  we  consider  the  special  case  in  which  W»Wj 

=  ...=  W  and  p  .  =  p  i,i=l,...,n.  We  use  the  notation  of  Proposition  2.2.1. 
n  ij 

Corollary  3.1.3  If  A  €  A 

W®n(Ax.  .  .xA)  *  [W(A)  1®°  *  (n!)**  Kft(W(A)  ;p(A))  . 

2 

The  proof  follows  from  Proposition  3.1.2  since  y(A)  *  E(W(A))  and 

h®"  =  (nl)**  fen(h,E(h2)). 

n 

Multiple  integrals  Let  W1,...,Wn  and  ©  W.^  be  as  in  Proposition  3.1.1. 

Using  the  notation  of  Section  2.3  we  have  that  if  fe  Lj(  ©  W.)  ,  i.e.  f  is 
n  i=l 

©  W. -integrable  (see  Definition  2.3.1),  then 
i=l  1 

n 

(3.1.14)  in(f;wlf  ...,wn)  =  /nf(t)d  ©^.(t) 

is  an  element  of  H®11  (and  by  (3.1.4)  an  element  of  L2(S1,  ,P))  which  sat¬ 

isfies  all  properties  of  the  integral  w.r.t.  the  symmetric  tensor  product 
measure  constructed  in  Section  2.3.  Moreover,  we  have  the  next  result,  in 
which  we  use  the  notation  of  Theorem  2.3.3. 
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Lemma  3.1.1  Let  W^,...,Wn  and  9  N.  be  as  in  Proposition  3.1.1, 

!  i=l  1 


Then 


a)  If  f  6  L.(  ®  W.),  E(I  (f;W- , . . .,W  ))  =  0. 
l  l  n  1  n 


b)  If  f  €  L2(Tn,An,  ®  y.)  and  g  e  LZ(Vn,Am,  9  y.), 

i=l  1  i=l  1 


E  ( I  (f  ;W  >  . . . ,  W  )  I  (g ; W  , . . . ,  W  )  ) 
n  i  n  in  l  m 

r  an 

where  y_  *  2  V* >  R  (t)  is  defined  in  (2.3.8)  for  y. .  i,j=l,...,n  as  in 

i=l  1  1J 

(3.1.1)  and  (3.1.2),  and  f  (t)  is  given  by  (2.3.11). 

Proof  a)  Since  In(f •  •  •  »wn)  is  H^-valued  and  H®11  is  orthogonal  to 
H®°=R,  then  E(In(f ;W  f . . . ,»n))  =  0. 

b)  It  follows  from  Theorem  2.3.3  and  (3.1.4). 

Q.E.D. 

Two  special  cases  of  the  multiple  stochastic  integral  In(f ;W1> . . . .W^) 
n 

=  J  f(t)d  ®  W. (t)  are  now  considered.  First  assume  the  situation  studied 
Tn  “  i=l  1 

by  Fox  and  Taqqu  (1984):  Let  y^ .  (A)  =  s„y(A)  A  e  A,  i,j*l,...,n,  where 

y  is  a  (o-finite) -measure  on  (T,A)  and  S  =  (s„)  in  an  nxn  non-negative 

definite  matrix,  i.e.  W,  ,...,W  are  Gaussian  random  measures  such  that 

l  n 

for  i,j=l, . . . ,n 


(3.1.15) 


E(W.(A)W.(B))  =  s...y(AnB)  A,B  e  A  . 


Fox  and  Taqqu  following  Ito  (1951),  define  the  multiple  stochastic  inte¬ 
gral  with  dependent  integrators  Jn(f;W^, .. .,Wn)  in  the  following  manner: 
Let  f  be  a  special  elementary  function  on  Tn,  i.e. 


(3.1.16) 


f(-  *  .  E.  ai  i  XA.  x...xA 
i,...i  “1  1  n  l,  i 

In  In 
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where  A,  ,  ...*A  is  a  collection  of  disjoint  sets  in  A  and  a.  .  e  ]R  are 
1  P  1Z”'1n 

zero  unless  i, ,...,i  are  all  distinct.  Denote  by  S  the  class  of  all 

special  elementary  functions.  If  y  satisfies  the  continuity  property 

(i.e.  V  e  >  o  and  A  c  A,  y(A)  <  “,  there  exist  some  disjoint  e  A,  y(Bj)  <e 

®  2  n  n  ®n 

j=l,...,m  and  A  =  U  B.)  then  S  is  a  dense  linear  manifold  in  L  (T  ,A  ,y  ) 

j=l  J  n 

(Ito  (1951)).  For  f  £  define 


(3.1.17) 


J  (f;W.,...,W  )  =  I  a.  •  W  (A  )...W(A  ) 

n  i  n  .  •  i  ^  a,  i 


.  «  .  X.  •  •  •  A  X  X  1 

i, . . .1  =1  1  n  1 

1  n 


2  n  n 

Then  can  be  extended  to  a  bounded  linear  operator  from  L  (T  ,A  ,y  )  to 
L2(ft,FW,P)  (Fox  and  Taqqu  (1984)). 

On  the  other  hand,  using  Definition  2.3.1  and  Corollary  3.1.1  we  have 
that  for  f  c  S 


(3.1.18) 


I  (f;W.,...,W  )  »  l  a  .  W  (A  )®...®W  (A  ) 
n  1  11  i,...i  =1  V’^n  1  X1  n  Xn 


•  •  •  X 

1  n 


1  n 

Therefore  from  (3.1.17)  and  (3.1.18) 


=  Cn!)'  .  \  VAi>-VAi >  • 

i,...i  -1  1  n  1  n 


(3.1.19) 


In(f;Wlf...,Wn)  =  (n!)  Jn(f  . . .  ,V»n)  if  f  £  Sn  . 


Proposition  3.1.4  Let  y  be  a  finite  measure  on  (T,A)  satisfying  the  con¬ 
tinuity  property.  Then  if  f  £  L2(Tn,An,y®n) 


I„(f;W. .... ,W  )  =  (n!)  J  (f ;W. , . . . ,W)  . 


— 2 

The  proof  follows  since  1^  and  (n!)  Jn  are  L  (ft) -valued  continuous  bounded 

2  n  n  0n 

operators  on  L  (T  ,A  ,y  )  which  agree  (see  (3.1.19))  on  the  dense  linear 

manifold  S  . 

n 
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Hence  the  multiple  stochastic  integral  with  dependent  integrators 
of  Fox  and  Taqqu  (1984)  is  a  special  case  of  our  integral  In(f ;W^ , . . . .W^) 
of  (3.1.14).  Moreover,  we  do  not  need  to  assume  the  continuity  property 
on  y  to  construct  this  integral,  although  we  require  y  to  be  finite  (see 
beginning  of  Section  2.1). 

Next  assume  the  situation  considered  by  Itfc  (1951):  W»Wj,...,Wn  is 

a  Gaussian  random  measure  on  (T,A)  and  y  satisfies  the  continuity  property. 

Ito's  multiple  Wiener  integral  Jn(f;W)  is  constructed  as  in  the  Fox  and 

Taqqu  case  above  and  it  is  a  bounded  linear  operator  from  L^(Tn,An,y®n) 

to  L^(ft,FW,P).  As  in  Proposition  3.1.4  we  have  that  for  f  c  L^CI^.A^y®11) 

— k 

Ine(f;W)  =  (n!)  J  (f.W)  where  I  is  as  in  Proposition  2.3.6. 

The  next  two  propositions  were  obtained  by  Itft  (1951).  They  relate 
multiple  Wiener  integrals  with  Hermite  polynomials.  We  prove  them  here 
using  the  symmetric  tensor  product  set  up.  We  remark  that  since  in  the 
construction  of  In@(f;W)  in  Section  2.3  it  was  not  required  that  y  satis¬ 
fies  the  continuity  property  (as  it  is  required  in  It$'s  case)  this  will 
not  be  assumed  in  the  next  result. 


Proposition  3.1.5  Let  <J>j(t) , . . .  ,4>m(t)  be  an  orthogonal  system  of  real 

2 

valued  functions  in  L  (T,A,y)  and  be  the  Hermite  polynomial  of  degree 
k  given  in  Proposition  3.1.2.  Define 


tls}  =  vv  •  ■  •*iV*2(Vi) '  •  ' '  •♦»(tP.*. 


1  m- 1 


Then  if  n  =  pj+...+pn 


. . (t 

™  Pj  +  . 


W*3  =  (n!)  n  *  (VV1  ^VV3  3 

i=l  pi 


t.  I 


where  I.(g)  =  /g(s)dW(s)  is  the  isometric  integral  w.r.t.  W  given  in  Theorem 
1  T 

2.1.1. 

Proof  From  Lemma  2.3.1  f  is  W^-integrable  and 

Wf;W>  ■  • 

Next  since  for  ij<j  E(I.  =  /  4>. (s)<f» .  (s)dy(s)  =  0  then  by  Propo- 

^  J  ^  J 

sition  3.1.2 


I1(4>1)*Pl«...®I1(<|)m)*P,n=  (n!)*5  n  h  (I  (*.);  E(I  (4».))2). 

j=l  pj  J  J 


Q.E.D. 


Proposition  3.1.6  Let  T  «  [0,1]  and  y  be  non-atomic.  Then  if 

■  {(tl . VeT":  "‘V-*  V1} 

-3/2 

1.(1  „;»}  *  (n()  y»(«;u(T))  • 

T1 

That  is  formally 


(3.1.20) 


-3/2. 


/  ...  /  dW(tj)  ...dW(tn)  *  (n!)  '  ^(W(T)  ;y(T)) 


0st,<...<t  si 
1  n 


Proof  By  Definition  2.3.1  In@(l  n;W)  *  W^Ct")  .  Then  the  result  follows 

T1 

on 

by  Corollary  3.1.3,  since  W  is  finitely  additive,  y  is  non-atomic  and  Prop¬ 
osition  2.2.1  (c) . 

Q.E.D. 

A  different  proof  of  (3.1.20)  above  is  given  in  Theorem  6.5  of  Engel 
(1982) . 


3.2  Poisson  ran don  measure 

Let  (0, F,P)  be  a  complete  probability  space  and  (T,A)  be  any  measurable 
space  such  that  all  singleton  sets  are  measurable,  i.e.  {t)cA  V  tcT. 
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Let  M(T)  be  the  set  of  all  o-finite  measures  on  (T,A) .  We  assume  that  N 
is  a  Poisson  random  measure  on  (T,A)  with  intensity  ycM(T),  i.e.  N(A) 

Ae  A  is  an  integer-valued  random  measure  such  that  the  following  two  condi¬ 
tions  hold: 


(i)  for  each  Ae  A,  y(A)  <  00  ,  N(A)  is  a  Poisson  random  variable  with 
mean  y(A)  t 


(ii)  if  Aj,...,A^  are  disjoint  sets  in  A  then  N(Aj) , . . . ,N(A^)  are  inde¬ 
pendent  random  variables  on  (fl, F,P)  . 


The  signed  random  measure  q(A)  =  N(A)  -  y(A)  Ae  A,  y(A)  <  00  is  called  a 

centered  Poisson  random  measure.  Since  for  A,BeA  with  u(A)  <  00 ,  U(B)  <  00 , 

E(q(A)q(B))  =  y(AnB),  then  q  is  an  orthogonally  scattered  measure  on  (T,A) 

with  control  measure  y.  We  assume  y  is  a  non-atomic  measure. 

In  this  section  we  consider  symmetric  tensor  product  measures  of  the 

centered  Poisson  random  measure  q  with  itself  for  all  nil.  That  is,  using 

the  notation  of  Proposition  2.2.1  we  construct  q  for  nil  and  multiple 
®n 

integrals  w.r.t.  q  . 

Let  F*1  =  a(N(A)  :  Ae  A,  y(A)<«>),  I  (f)  be  the  isometric  integral  of  f 

2 

w.r.t.  q  (Theorem  2.1.1)  for  fe  L  (T,A,y),  and  be  the  subspace  of 
L2(J1,F^,P)  generated  by  q  (see  (2.1.3)),  i.e. 


H  =  {I  (f):  fe  L2(T,A,y)>. 

q  3 

The  exponential  space  EXP(H^)  associated  with  a  Poisson  random  mea¬ 
sure  has  been  studied  by  Neveu  (1968)  and  Surgailis  (1984)  for  the  cases 
when  the  control  measure  y  is  finite  and  a-finite  respectively.  We  do  not 
follow  the  identification  of  EXP(H^)  given  by  the  second  named  author  since 
he  uses  multiple  Poisson  integrals  to  obtain  this  identification  and  we 
want  to  proceed  in  the  opposite  way:  first  identify  EXP(H^) ,  then  obtain 


the  symmetric  tensor  product  stochastic  measure  q  and  finally  construct 

on 

multiple  integrals  w.r.t.  q  ,  as  we  did  in  the  last  section  for  the  Gaus¬ 
sian  random  measure.  Although  for  the  purpose  of  this  section  the  identi¬ 
fication  of  EXP(H  )  given  by  Neveu  (1968)  (y  finite)  is  sufficient,  in 

the  next  theorem  we  extend  Neveu' s  result  to  the  case  when  y  is  a-finite. 

2 

This  result  will  be  used  in  Section  3.3  where  we  study  the  general  L  -inde 
pendent  increments  processes  case. 


Theorem  3.2.1  Let  (ft,F,P)  be  a  probability  space  in  which  there  is  de¬ 
fined  a  centered  Poisson  random  measure  q  on  a  measurable  space  (T,A) 
with  a-finite  non-atomic  control  measure  y.  Then 


<j> 


EXP(H  )  =  LZ(Q,Fq,P) 

q 


where  for  f  e  L z(T,A,y) 
(3.2.1) 


N(T.) 


!TfdK 


f  00  1  r  i  1  •  ) 

(Kexp  ®(I  (f))  =  \  n  n  (l+f(Z  iJ))e  1  \ 

*  ^i=lj=l  3  ] 


where 


(i)  T.  i>l  are  disjoint  sets  in  A,  0<  y(T.)  <  00  and  U  T.  =  T, 

i=l 


r(i) . 


(ii)  for  each  i=l,2,...  and  j=l,2, ...»  Zj  'is  a  T^-valued  random 

element  with  distribution  given  by  the  measure  y(T^)  *y(*),  and 


for  each  i=l,2,...  N(T^)  follows  a  Poisson  distribution  with  para¬ 


meter  y(T.) 

l  » 


r(i), 


(iii)  Z^,  N(T.)  i=l,2,...,  j  =  l,2,...  are  mutually  independent. 


Moreover , 


E(<J>(exp  ®(Iq(f)))  =  exp(E(I(1(f))Z)  =  exp(/TfZdy)  <  °°. 


In  order  to  prove  the  theorem  we  first  prove  the  following  technical 


result. 
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Lemma  3.2.1  Let  y  and  T^NCT^), 
(i)-(iii)  in  the  above  theorem. 


E 


N(T.) 

n 

j=  i 


g(zji3) 


j=l,2,...,  i=l,2,...  be  as  in 

If  ge  L*(T^,AnT^,y)  for  some  i>l  then 
]  JT  (g-l)dy 


Proof  Since  N(T^)  follows  the  Poisson  distribution  with  parameter  uC^)  <  00 
and  for  each  j=l,2,...  has  distribution  yfT^yC*),  then  using 

the  independence  of  N(T\)  ,  Z^ ,  Z^,... 


rN(T.) 

n  gcz!11) 

4=1  1 


-y(T.) 

oo  K  v  2 

=  y  e -  r 

L  n!  * 


n=0 


„n 


-y(T 


)  /T  gdn  /T  (g-i)dy 


=  e 


i'  l 

e 


=  e 


n  n 

n  g(t.)  n  dy(t  ) 

j=i  3  j=i  3 


Q.E .D. 


Proof  of  Theorem  3.2.1  For  any  Hilbert  space  K  {exp  ®(k) :  ke  K>  generates 
EXP(K)  (Guichardet  (1972)),  where 


exp  ®(k)  =  (l,k, (2!) k®2,...) 


and 

<kl,k2>K 

<exp  ©(kj),  exp  ®(k2)>Exp(K)  =  e  k1»k2e  K. 


I 


2  n 

Then  since  L  (T,A,  y)  =  H^,  in  order  to  prove  the  theorem  we  have 
to  show  the  following  three  conditions: 

a)  for  each  f  e  L2(T,A,y)  <f>(exp  ®(I  (£)))  e  L2(H, F^,P)  . 

H 

b)  for  frf2e  L2(T,A,y)  E(<()(exp  ®(I  Cfj)) <f>(exp  ®(IqCf2) )) 

/Tflf2dy 

=  <exp  ®(Iq(f1)) ,  exp  ®UqCf2))>EXp(fy  -  e 

2  o  n 

c)  (4)(exp  ®(Iq(f)))  :  feL^(T,A,y)}  generates  L  (n.F^P). 
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Since  p  is  a  a-finite  measure  on  (T,A) ,  there  exists  a  sequence  of 

OO 

sets  {T.}.  «  in  A  such  that  0<  y(T.)  <  00  and  U  T.  =  T.  The  existence  of 
i  121  i  i=1  i 

the  random  elements  j=l,2,...,  i=l,2,...  satisfying  (ii)  and  (iii) 

follows  from  the  construction  of  a  Poisson  random  measure  N  with  control 

measure  y  (Theorem  8.1  in  Ikeda  and  Watanabe  (1981)) . 

2  2 
Let  fe  L  (T,A,y),  then  for  each  i2l  f  belongs  to  L  (T^ArVT.y)  and 

L*(T.  ,Arfl\  ,y)  .  Then  by  taking  g  =  (1+f)  in  Lemma  3.2.1  we  obtain 


-Jt  fdy 


N(Ti)  ,T 

n  (l+f(zfl5))' e  x 
j=l  3 


=  1  i=l, 2,  . . . 


N(T  )  -J  fdy 

1  f  •  >  1  • 

Then  using  (iii)  G.  =11  (l+f(Z.  ))e  1  is  a  sequence  of  inde- 

1  j=l  3 

pendent  random  variables  with  H(G^) =  1  i2l  and  therefore 

n 

d  =  n  g. 

n  i=l  1 

2 

is  a  martingale.  Next,  using  Lemma  3.2.1  with  g=  (1+f)  and  the  indepen¬ 
dence  of  Z.  ,  N(T.)  j=l,2,...,  i=l,2,... 

1  „  fNCT.)  -IT  d^2 

,2 


ED  =  n  E 
"  i=l 


l'  .  *T. 

n  (l+f(Z?i3))e  i 
j=l  J 


n  -2/T.fdy  fN(V 

=  n  e  1  E 


i=l 


n  (i+f(z^))2 

j=i  J 


n  -2/  fdy  JT((l+ff-l)dy 

=  n  e  1  e  1 
i=l 


n  'T 


/t 


=  II  e  i  =  exp (/  n  f  dy)  <  exp(/_f  dy)  <  » 


i=l 


U  T, 
i=l 


i  .e . 


EDS  exp (/  r  dy)  <  00 

n  ip 


all  n^l , 


Then  by  the  martingale  convergence  theorem  Dn  converges  a.s.  and  in 
mean  square  to  4>(exp  ©(Iq(f))).  Therefore 


E  D  =  1 
n 


and 


n  n  1  (i+f(zr;))e  1 

k=i  j=i  J  -1 

“  N(T  )  (1)  -It  fdM>2 

n  n  1  (i+f(zJ1J))e  1 

i=i  j=i  K 


=  lim  E  D 
n-+°°  r 


lim  exp(  /  f^dy)  =  exp (/  l  dy)  <  » 

n^°°  U  T.  T 

i=l  1 


which  shows  (a)  . 

2 

Let  6  L  (T,A,y),  then  applying  Lemma  3.3.1  to  g=  (l+fj)(l+f2) 


one  shows  in  a  similar  way  as  above  that 


n  A\flf2dy  ^Tflf2dy 
=  lim  II  e  1  =  e 

n-*°°  i=l 

proving  (b) . 

Finally,  to  prove  (c)  let  G  e  L2(fl, F**,P)  and  suppose  that 
E(exp  ®(Iq(f))G)  =  0  for  all  fe  L2(T,A,y)  . 

We  want  to  show  that  G=0  a.e.  dPpq,  where 
F*  =  a(Iq(f):  fe  L2(T,A,y))  • 

2 

Using  (3.2.1)  we  have  that  for  all  fe  L  (T,A,y) 

(  00  (N(t.) 

e  n  \  n  1  (i+f(z 

U-i  lj=i 

2 

Next  let  is  1  be  fixed  and  for  ge  L  (T\,AnT\,y)  define  f:  T+1R  by 

2 

f (t)  =  g(t)  t  e  T.  and  zero  if  1 1  T. .  Then  f  e  L  (T,A,y)  and 


E  n  1  (l+g(ZrJ))e  1  G  -  0  all  g  c  L  (T.AnT.  ,p)  . 
'•■5  =  1  J  J  1  1 


Hence  by  Proposition  7.13  in  Neveu  (1968)  (Lemma  3.3.2  below) 
E(G|F^)  =  0  a.s.  where  F^  =  a(I^(g)  :  gc  L2(T^,AiYI\,p)) ,  and  F^cf^ 


all  iil. 

Hence  for  all  n£l  E(G|  v  F?)  =  0  a.s.  since  F^, ...,F^  are  indepen 


dent  a-fields. 

n  00 

Next  let  F  =  v  f5  and  F  =  v  f  c  F^.  Then  since  E(G2) <  »  by  the 
n..i  ,  n  ' 

i=l  n=l 

martingale  convergence  theorem  G=0  a.s.  dP  .  Thus  is  remains  to  show 

-  co  F 

that  F^c  F  . 

2 

Let  fe  L  (T,A,p),  then 


and 


00 

f(t)  =  I  f(t)l_  (t) 
i=l  l 

y«  -  jj  v^t.)  • 


oo  2 

Thus  I^(f)  is  F  -measurable  all  fe  L  (T,A,p) 
is  F? -measurable .  That  is,  F^c  F°°  and  G  =  0 

l 


since  for  each  iil  I  (f?l„  ) 

q  Ti 

a.e.  dP  . 

Fq 

Q.E .D. 


We  are  now  going  to  apply  our  results  of  Chapter  2  to  the  construc¬ 
tion  of  the  product  stochastic  measure  q®11.  Therefore  in  the  remainder 
of  this  section  we  will  assume  that  the  control  measure  p  is  finite  and 
the  following  version  (Proposition  7.13  in  Neveu  (1968))  of  the  last  the¬ 
orem  will  be  enough  for  our  purpose. 


Lemma  3,2.2  (Neveu  (1968)) .  Let  q  be  a  centered  Poisson  random  measure 
as  in  Theorem  3.2.1  with  finite  control  measure  p.  Then 
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where  for  f  e  L  (T,A,y) 

N(T)  "/Tfd,J 

(3.2.2)  n(exp  ®(I  (f))  =  n  (l+f(Z.))e 

q  j=l  J 

where  is  a  sequence  of  independent  random  elements,  independent 

of  N(T),  each  Z^  taking  values  in  T  and  having  distribution  (p(T)}  *u(»). 

Using  the  identification  of  EXP(H^)  given  by  the  above  lemma,  in 

2 

our  next  result  we  obtain  an  L  -valued  product  stochastic  measure  of  the 
Poisson  random  measure  q. 

Proposition  3.2.1  Let  q  be  a  centered  Poisson  random  measure  on  (T,A) 
with  finite  non-atomic  control  measure  p.  Then  for  each  n£l  there  exists 
a  unique  L2(fl, F^,P) -valued  measure  q®11  on  (Tn,An)  such  that  if  A^,...,An 
belong  to  A 


(3.2.3) 


q  (Aj*. . .*An)  =  q(Aj)®. ..®q(An) 


and  for  A  e  A 


E(q®n(A))  =  0 


VAR(q®n(A))  =~  l  ^(AnA11) 

*  n 


Moreover,  Proposition  2.2.1  (b)-(d),  Lemma  2.2.6  and  Corollaries  2.2.8- 
2.2.9  hold  for  q*\ 


Proof  For  each  n£l,  existence  and  uniqueness  of  the  -valued  measure 
q®*1  follow  from  Proposition  2.2.1  (a).  It  is  seen  as  an  L2(J1,F^,P) -valued 
element  by  Lemma  (3.2.2).  The  expressions  for  the  mean  and  the  variance 


follow  similar  to  Proposition  3.1.1, 


Q.E.D. 


We  now  compute  special  cases  of  (3.2.3).  If  Ac  A  then  q(A) ■  Iq( 1^) 
and  from  (3.2.2)  we  have  that 
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qCA)*1  =  (n!)*5  (-—)  exp  ®(zq(A)) 


j  n'  r, 

dz  z=0 


Hn  N(T) 

=  (n!)  (-^)  n  (1+zl  (Z  ))e 

dz  z=0  i=l  A  1 


-  (n.I15  (-4)  . 


v  J  v  ny  "  • 

dz"  z=0 

x  -  zX 

But  (1+z)  e  z  >  -1  is  the  generating  function  of  the  Poisson-Charlier 
polynomials  (Chihara  (1978))  with  parameter  A>0,  denoted  by  Cn(x;A),  i.e. 


(3.2.4) 


«-X2(l«)x  .  I  ^  t]1Cx;X) 


A>  0. 


Then  for  A  £  A 


(3.2.5) 


q  (A)  *  (n!)  dn(N(A) ;u(A)) . 


We  now  obtain  a  similar  result  to  Proposition  3.1.2  for  symmetric 
tensor  products  of  Poisson  random  measures. 

Proposition  3.2.2  Let  q  be  a  centered  Poisson  random  measure  as  in  Prop¬ 
osition  3.2.1  and  Aj,...,^  disjoint  sets  in  A.  Then 


(3.2.6) 


* 


q(Aj)  1®. .  .aqCA^)  k  =  (n!) (N(Aj)  ;  y(Aj) ) 


where  n  =  \  n  and  cm(x;A)  are  Poisson-Charlier  polynomials  with  parameter 
j=l  J 

defined  in  (3.2.4). 

Proof  Since  Aj,...,Ajc  are  disjoint  sets  in  A,  then  q(Aj^) , . .  .,q(An)  are 

mutually  orthogonal  in  H  c  L2(ft, F^,P)  and  therefore  the  family 
•n.  ^ 

(q(Aj)  A®. ..®q(A^)  ;  n^ £  0, . . . ,n^ £  0}  is  orthogonal  in  EXP(H^) .  Next 

for  z,, . .  ,,z,  €  R 
1  k 


exp  ®(z1q(A1)  +  ...+zkq(Ak))  =  £  (n!)  (zJq(A1)  +  . .  .+zJcq(Ak)) 

n=0 


Zj  ...zk  q(Aj)  A®...®q(Ak) 


^  „  n, ! . . .n.! 
n,  •  •  •  n.  •  k 


1  k 


On  the  other  hand  from  (3.2.2) 


n(exp  e(z1q(A1)+...+zkq(Ak)) 

N(T)  -(z  y(A  )  +  ...+z,  u(A.)) 

=i!i  (1+Ii\(zi)+-+zkVzi»  e 

k  N(A.)  -z.y(A.) 

*  n  (1+z.)  1  e  • 

i-1  1 

Then  the  assertion  of  the  proposition  follows  from  the  last  two 


expressions  since 


q(AirV..«q(Ak)*n|t.(nlj,‘  I— - d  I  Cl«1)'"i'e  '’X 


3V**-+nk)  k 


N(A. )  -zy(A.) 


3Zj  ...3zk  z=£ 

=  (Zji • • • » ^k) )  . 

Q.E .D. 

Expression  (3.2.6)  is  related  to  the  multivariate  Poisson-Charlier 
)lynomials  (Ogura  (1972),  Chihara  (1978))  defined  by 


KnC(xl)n1,'**,(xk)nk;  (  Vn^  *  *  *  ’ (  Vn^ 


n  ,  k  x  -A  z 

-  -5— -  n  (1+z.)  1  e  1  1 

n .  n«  •  «  l 

3z/.  ..3z.  KJz*0  1  = 

1  k - 


where  n  =  t  n. ,  (x.)  *  (x, , . . . ,x.)  and  A.  >  0  i=l, . . . ,k  . 

i*l  1  1  ni  ^ 

n.  times 


The  first  few  expressions  are 


KQ(x;A)  =  1,  Kj(x;  A)  =  Cj(x;A)  =  x-A 
K2(x1,x2;A1> A2)  =  xj(x2~612)  -  xJA1  -  x2A2+  AjA2 

K3^Xi»x2»x3;  Aj,  A2,A3)  =  X2(x2-,S12^X3~613-<523^ 

IX1  ^X2~^12^  X1X2  +  X2^X3“^23^  X2X3  +  X3^Xl“^13^  *1*3^ 

+  xlXl  +  x2X2+X3X3"  X1X2X3 
where  6^  =1  if  i=j,  and  0  otherwise. 

Corollary  3.2.1  If  Aj,...,An  are  disjoint  sets  in  A 

qCAj)®. ..«q(An)  *  (nlJ^qCAj) . . .q(AR) • 

Proof  Taking  k=n,  n.=l  i=l,...,n  in  Proposition  3.2.2  since 
q(A1),...,q(An)  are  orthogonal 

-if  n 

q(A1)®...®q(An)  =  (n!T  11^  (N^);  y(A.)). 

Then  the  corollary  follows  since  CjCNfA);  y(A))  =  N(A)  -  y(A) *  q(A)  for 
all  Ac  A. 

Q.E  .D. 

Multiple  Poisson  integrals  Using  the  notation  of  Section  2.3.,  if 
fcLjfq®”)  n£l  then 

i„»«;q)  *  /„ 

T 

is  an  element  of  (and  hence  of  L2(n,F^,P)  by  (3.2.1)).  This  integral 
satisfies  all  properties  of  the  integral  w.r.t.  the  symmetric  tensor  prod¬ 
uct  measure  of  Section  2.3,  and  in  particular  Propositions  2.3.6  and  2.3.7 
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now  written  in  the  following  manner. 


Lemma  3.2.3  a)  If  fU^q’"),  E(Ina(f;q))  =  0. 
b)  If  fe  L2(Tn,An,M®n)  and  ge  L2(T*,A*,u*“) 


■ s-  <?>iV(TV%*v 

c)  {I^ffjq):  f  e  L2(Tn,An,y®n)  iteO)  constitutes  a  complete  orthogonal 
system  in  L  (0,  F^,P),  where  a  1. 

Proof  a)  follows  from  Proposition  3.2.1,  (b)  from  Proposition  2.3.6 


and  (c)  by  (3.2.1)  and  Proposition  2.3.7. 


O.E .D. 


Multiple  Poisson  Wiener  integrals  were  introduced  by  Ito  (1956)  and 
studied  later  by  Ogura  (1972)  and  Surgailis  (1984).  H.  Ogura  uses  multi¬ 
variate  Poisson-Charlier  polynomials  to  define  a  multiple  stochastic  in¬ 
tegral  with  respect  to  q  (when  T£  R ) ,  which  we  denote  by  Jn(f) •  If  f 
is  an  elementary  function  defined  in  (2.3.17) 

P 

Jn(£)*  l  %  i  Kn(N(A.  ),..., N(A.  );y(A.  ),..., y(A.  ) 

i....i=l  1r'*1nn  X1  xn  X1  xn 

i  n 

where  is  multivariate  Poisson-Charlier  polynomial.  Then  extends  to 
a  bounded  linear  operator  from  l2(Tn,An,y®n)  to  L2(ft,  F**,P)  (Ogura  (1972)) 
On  the  other  hand,  using  Proposition  3.2.2,  if  f  is  an  elementary 
function 


Ii»t£:q)  *  .  I  qtA  )•...«,(*  ) 

i  ...i  *1  1  n  1  n 

l  n 

,  P 

-  (nip  I  a  K  (N(A.  ),.,., N(A.  );y(A.  ),..., y(A.  )). 

i....i-l  Y-'n"  X1  *n  X1  \ 

l  n 

Thus  I  (f;q)  and  (n!)  Jn(f)  agree  on  a  dense  linear  manifold  of 


L^(Tn,An,y*n)  and  therefore  the  following  result  is  obtained. 


Proposition  3.2.3  If  fe  L^(Tn,  A^y®1) 


^(fjq)  =  (n!)  Jn(f)  . 


Proposition  3.2.4  Let  T  =  [0,1]  and  y  be  non-atomic.  Then  if 
=  {(tr...,tn)  eTn:  0<tj<  ...<tn  =S  1} 


Xn®(1  n^  =  (n!)  cnCNCT);  p(T))  . 
T1 


That  is,  formally 


(3.2.7) 


-3/2 

/.../  dq(t.)...dq(t  )- (n!)  C  (N(T);  y(T)) 

,<...<t  si  1  n  n 


where  is  the  Poisson-Charlier  polynomial  of  degree  n  defined  in  (3.2.4). 


Proof  By  definition  I^U^jq)  *  ^^(t")  .  The  rest  of  the  proof  follows 
similar  to  Proposition  3.1.6  using  Corollary  3.2.1 

The  expression  (3.2.7)  above  is  Theorem  6.9  in  Engel  (1982),  who  gives 
a  different  proof. 


2 

3.3  Nonidentical ly  distributed  L  -independently  scattered  measures 

2 

In  this  section  we  study  L  -valued  product  stochastic  measures  and 

2 

multiple  stochastic  integrals  of  nonidentically  distributed  L  -independent¬ 
ly  scattered  measures  that  are  mutually  independent  over  disjoint  sets.  The 
identification  of  the  exponential  space  of  H,  the  common  Hilbert  space  where 
the  i.s.m.'s  take  values,  is  obtained  using  results  given  in  the  last  two 
sections.  The  parameter  set  T  considered  in  this  section  is  an  interval 
of  the  real  line.  This  is  an  important  assumption  throughout  the  section 
since  we  use  martingale  theory  to  identify  symmetric  tensor  products  of  H. 


We  conclude  this  section  by  giving  characterizations  in  terms  of  multiple 
stochastic  integrals  of  Poisson  and  Gaussian  processes  with  independent 
increments . 

Our  first  result  of  this  section  is  a  general  one,  in  the  sense  that 
it  identifies  the  exponential  space  of  any  Hilbert  space  H  which  is  a  direct 
sum  of  an  arbitrary  Gaussian  space  and  an  arbitrary  Poisson  space  Hq, 
where  and  Hq  are  stochastically  independent. 

Theorem  3.3,1  Let  (0, F,P)  be  a  complete  probability  space  and  q  be  a 
centered  Poisson  random  measure  on  a  measurable  space  (E,E)  defined  on 
(0, F,P),  with  a-finite  non -atomic  control  measure  y  and  generating  the 
Poisson  space 


Hq  =  (Iq(f):  f  €  L  iE,E,y) } 

where  Iq  is  the  isometric  integral  of  f  w.r.t.  q.  Let  be  a  Gaussian 

space  on  (fl,F,P)  stochastically  independent  of  the  system  of  random  vari¬ 
ables  H  .  Define  the  a-fields  FW  =  afH^) ,  F^  =  a(H  )  and  the  Hilbert 


space 

Then 

(3.3.1) 


H  =  H„  ®  H 
W  q 


EXP(H)  =  l  9\im  5  \?  (il.F’V^P) 
n*0  K 


where  for  h e  H,  h  =  h^  +  hq  H^,  hq c  Hq 

y:  EXP(H)  +  L^  (fi,FWvFV) 

is  defined  by 


(3.3.2) 


Y(exp  ®(h))  ■  ip(exp  ©(1^))  <b(exp  ©(h  )) 


and  \f/,<t>  are  the  isometrics  given  in  (3.1.4)  and  Theorem  3.2.1  respectively. 
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Proof  We  first  prove  that  for  all  hcH,  y(exp  ©(h))  is  an  element  of 
L2(fl, F^vF^,P)  and  that 

(3.3.3)  E(y(exp  ®(h)))2  =  exp(Eh2) . 

By  Theorem  3.2.1  for  all  h  cH 

q  q 

E(4>(exp  ®(h  )))2  =  exp(Eh2)  <  00 

q  q 

and  by  Proposition  7.3  in  Neveu  (1968)  for  all  h^ e 

E(iji(exp®(hJV)))2  =  exp(EhJ)  <  °°  . 

Then  if  h^l^+h^  y(exp  ®(h))  *  4>(exp  ©(1^))  (j)(exp  ®(h^))  belongs  to 

(fl, FWyF^,P)  since  h^  and  h^  are  independent.  Moreover,  from  the  above 
expressions  we  have  that 

E(y(exp  ®(h)))2  *  exp(Eh^  +  Eh2)  *  exp (Eh2) . 

2  W  q 

Next  we  shall  prove  that  {y(exp  ©(h)):  heH)  generates  L^(fl,F  vFM,P), 
which  will  imply  (3.3.1)  since  for  any  Hilbert  space  K {exp  ®(k):ke  K)  gen¬ 
erates  the  Hilbert  space  EXP(K)  (Guichardet  (1972)) . 

Let  Ze  LI,  (fl,  F  vF^,P)  and  suppose  that 

J\ 

E(Zy(exp  ®(h)))  =  0  for  each  heH. 

Then  for  all  h^  e  ^  and  h^  e  H^ 

E(Z^(exp  ®(hw))4»(exp  ®(hq)))  =  0. 

But  from  Proposition  7.3  in  Neveu  (1968)  and  Theorem  3.2.1  in  this 
thesis  {*Kexp  ©(1^)):  h^H^}  and  {<Kexp  ®(h^)):  h^cH^}  generate 

(ft,  F^'P)  311(31  Lp(Sl,  F^,P)  respectively.  Then  for  all  Aj  e  FW  and  Ajt 
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/  Z  dP  *  0. 

AxnA2 

But  it  is  known  (Dellacherie  and  Meyer  (1978))  that  if  two  cr-fields  Fj  and 
F2  are  independent,  then  F^ v  F is  generated  by  the  field  CQ  of  all  finite 
disjoint  unions  of  sets  Aj n  A2  A^  £  F^,  A2c  F2< 

Thus  since  Z  is  P-integrable 


C  =  {A £  F:  /  ZdP  =  0} 

A 

is  a  monotone  class,  and  by  the  monotone  class  theorem 

/  ZdP  =  0  V  Ac  FWvFq 
A 

since  C  c  C.  That  is,  Z=0  a.e.  dP  w 

0  FWvFq 

Then 


(y(exp  ®(h)  :  h€  H) 


generates  the  space  L 


2 

R 


(«, FWvFq,p) . 


Q.E .D. 


Assumption  3.3.1  Throughout  the  remainder  of  this  section  we  will  make 
the  following  assumptions  and  notations:  Let  (ft, F,P)  be  a  complete  proba¬ 
bility  space,  T  =  [0,TQ]  Tq>  0,  A=8(T),  F°=®n-{0}  and  BJJ=B(R°)  for 
nsl .  Suppose  that 


(3.3.4)  Yt  =  (X1(t),...,Xn(t))  t£T,  Yq=0 

is  an  n-dimensional  stochastically  continuous,  right  continuous,  zero  mean 
2 

L  -stochastic  process  with  independent  increments  defined  on  (ft, F,P),  with 
characteristic  function  given  by 

4>  (a)  ■  exp{-4  a'o(t)a+  /  _ (e —  -l-ia'x)v(t,dx)  } 


(3.3.5) 


and  Levy-Ito  representation  (Gikhman-Skorokhod  (1969)) 


(3.3.6) 

where 

(3.3.7) 


t 

Y  =  W  +  /  /  xq(ds,dx)  all  t  e  T 

X  0  1° 
n 


Wt  is  an  n-dimensional  Gaussian  process  with  independent 
increments,  Wp =  0  and  positive  definite  diffusion  matrix 
o(  t); 


(3.3.8)  q(B,r)  =  N(B,T)  -  v(B,T)  reB°,  B*A 

is  a  centered  Poisson  random  measure  on  (TxR°,  AxB°) 

n  n 

with  cr-finite  control  measure  v,  and  independent  of 
{Wt>  tfT; 


(3.3.9)  N(B,D  =  l  lBxr(s,AYs)  AYg  *  V  Ys-  , 

s 


(3.3.10)  v(B,T)  =  E(N(B,T)) , 


t  2 

/  /  1*1  Alv  (ds,dx)  <  °o  t  e  T 

6  1° 
n 


and  vt(H  =  v([0,t],r)  is  increasing  and  continuous. 

From  (3.3.5)  we  have  that  for  i,j  =  l,...,n  and  teT 


(3.3.11) 
where 

Define 

(3.3.12) 


and  denote  by  cr_,  and  the  corresponding  finite  (signed)  mea¬ 
sures  on  (T,A)  generated  by  ^(t),  (t) ,  X±^.  (t)  and  UQ(t)  respectively. 


Then  for  each  i,j=l,...,n  Xi;.«yo,  <<:  V>Q.  «  PQ  and 


(3.3.13) 


(3.3.14) 


(do. .  \n 

Rl(t)  =  dir1  (t)  a‘e*  dUo(t) 


/•dX.  .  >n 
R2Ct)  •  ^  (t) 


a.e.  dyQ(t) 


are  non-negative  definite  matrices  a.e.  dyQ(t)  and  so  is  the  matrix 

R(t)  =  (r..(t))?  ...  where  for  i,j=l,...,n 
1>J“A 


(3.3.15) 


dy . .  da . .  dX . . 

r,,(t)  =  ITT1  (t)  =  (t)  +  -rr1  (t)  a.e.  dyn(t) 


Finally  if  A(t)  is  an  nxn  non-negative  definite  matrix  a.e.  dyQ(t),  we  denote 
2 

by  L.(y  )  the  linear  space  of  functions 


(3.3.16) 


L2a  =  {f:T-lRn:  /f(t)  *A(t)f (t)dyQ(t)  <  -}. 


In  the  next  two  results  we  use  Theorem  3.3.1  to  identify  some  func¬ 
tionals  of  the  process  as  elements  of  an  appropriate  Hilbert  space  Hy 
and  its  exponential  space  EXP(Hy) .  Having  this  and  using  the  framework 
of  Chapter  II,  we  will  be  able  to  study  symmetric  tensor  product  measures 
and  multiple  stochastic  integrals  of  the  independently  scattered  measures 
X^'s  where  X^([0,t])  =  X^(t)  i=l,...,n  and  the  latter  are  given  in  (3.3.4). 

Proposition  3.3.1  Let  Y^,  t e  T  be  a  stochastic  process  as  in  Assumption 
3.3.1.  Let  H^  be  the  Gaussian  space  generated  by  W^,  i.e. 

Hw  =  sp{a'Wt;  ae  IRn,  t  e  T> 
and  H^  the  "Poisson"  soace  generated  by  q,  i.e. 


(3.3.17) 


H  »  {I  (g)  :  ge  L  (Tx  F  A  x  v) } 
q  q  n  n 


Define 


"v  -  "w  •  H,  ' 

Let  R(t)  be  as  in  (3.3.15).  Then  if  feL^Cu),  f (t)  =  (f. (t) , . . . ,f (t) ) , 

K  o  x  n 

the  random  variable 


n 

(3.3.18)  Jf-dY  =  l  lv  (f.)  +  I  (f'x) 

T  i=l  1  1  h 

is  an  element  of  Hy>  where  (f'x)(t,x)  =  f(t)'3t  t  e  T,  see  Fn,  and  Ix(<|>) 
is  the  isometric  integral  (Theorem  2.1.1)  of  $  w.r.t.  the  orthogonally 
scattered  mesure  X.  Moreover, 


f(t)  'xe  L2(Tx  m°,Ax  B°,v)  n  L*(Tx  *°,Ax  B°,v) 


n  n 


n  n 


2 

Proof  To  prove  that  /  f*dY  e  H^,  it  i.s  enough  to  show  that  f .  e  L  (T,A,a. .) 


i=l,  . .  ,,n  and  f'jc  eL  (Tx  IR^,  Ax  8°,v),  since  (f^)  e  i=l,...,n 

i 


and  I  (f'x)  e  H  . 

q  -  q 

2  2  2 
Since  f  e  L_(y  )  then  from  (3.3.15)  f  e  L_  (y  )  n  LD  (y  )  where  R. 

K  O  Kj  O  K2  O  x 


and  are  given  in  (3.3.13)  and  (3.3.14)  respectively.  Then 
n  n 

f  f.  fti  rtif _ _ 

1  o 


»  it  dcj . . 

I  I  ff(t)da..(t)  =  l  /  f  (t)  (t)f .  (t)dy^  <  » 

i_l  J  1  11  rj. 


i.e. 


f.  e  L  (T,A,a. . )  i=l,...,n. 

1  11 


On  the  other  hand,  using  (3.3.12) 


n  h 


(3.3.19) 


J  J0(*(t)'x)  dv(t,x)  =  l  l  J  /  f.(t)f,(t)x  x  dv(t,x) 

T  F°  i=l  j=l  T  IR0  1  3  13 

n  J  n 

=  l  !  /f.(t)f.(t)dX..(t)  =  /f(t)'R  (t)f(t)dy  (t)  <  »  . 
i=l  j=l  T  J  J  T 

Finally,  to  prove  that  f  (t)  'x  e  L*(Tx  r°,Ax8°,v)  it  is  enough  to  show  that 
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i  n 

f . (t)x. e  l(Tx  IR°,A  *  8°,v)  i«l, . . .  ,n  since  f (t)  'x  =  £  £. (t)x. .  By  (3.3.19) 
xi  n  n  i"”!  ^  ^ 


for  each  i=l, . .  .,n 


/  f^(t)dX.Ct)  <  ». 
T 


Then  since  each  X ^  is  a  finite  measure  on  (T,A) 


/|f.(t)|dX  (t)  <  oo 

rn  ^  x 


and  therefore  using  (3.3.12) 


/  J  f.(t)x.dv(t,x)  =  /  f  (t)dX  (t)  <  »  . 

T  IR  T  1 

n 


Q.E.D. 


For  the  process  Y^,  Theorem  3.3.1  is  written  in  the  following  manner. 
Proposition  3.3.2  Under  the  assumptions  of  Proposition  3.3.1 


(3.3.20) 


~  -Y 


EXPCHy)  s  l‘(R,F‘,P) 


where  y  is  given  by  (3,3.2)  in  Theorem  3.3.1  and 

FY  =  a(Yt:tc  T)  v  {P-null  sets  of  ft}. 

Proof  From  the  construction  of  the  Levy-It6  decomposition  (3.3.6)  of  Yt 

V 

(Gikhman  and  Skorokhod  (1969))  and  q  are  F  measurables.  On  the  other 

hand,  by  (3.3.6)  and  Proposition  3.3.1,  Y^  is  F  v  "-measurable  all  t e  T, 

where  FW=a(Hw)  and  F^=o(H^).  Then  the  result  follows  using  Theorem  3.3.1 

and  the  fact  that  and  H  are  independent. 

W  q  Q.E.D. 


For  purposes  of  later  reference,  the  main  properties  of  the  integral 

/  f»dY  defined  in  Proposition  3.3.1  are  summarized  in  the  next  result. 

T 

2 

Lemma  3.3.1  Under  the  assumptions  of  Proposition  3.3.1,  for  fe  Lr(mq) 
define 


(3.3.21) 


F  =  /  f-dY  -  /  1  (s)f(s)*dY  teT 

Z  [0,t]  T  LU,tJ  S 


where  right  hand  side  is  defined  in  (3.3.18).  Then  (Ft)  T  is  a  zero  mean 
2 

L  -stochastic  process  with  inde 
continuous  martingale  such  that 


2  Y  2 

L  -stochastic  process  with  independent  increments  and  (Ft,F^)  is  an  L  -right 


a) 

b) 


F.  e  H 

t  y 


teT 


<F>t  =  /  f(s)  *R(s)f(s)dvi0(s)  <  ®  V  teT 
where  <F>  denotes  the  predictable  quadratic  variation  of  F. 


c)  If  g  c  L^(yo) 

t 

<F,G>  =  /  f(s),R(s)g(s)du  (s)  =  E(FG.)  teT  . 

t  o  u  x 

d)  The  characteristic  function  of  Ft  is  given  by 

$  (a)  =  exp{-%a  <FC>  +  /  J 0(eia£' (s)--l-iaf ' (s)x)dv(s,x) 

^  a.  ^  a  m  ^ 


0  IR 


where 

(3.3.22) 


n 


<FC>  =  /  f(s)'R  (s)f(s)dy  (s)  teT. 
z  0 


Proof  Since  the  process  Yt  is  right  continuous,  then  (F*)  teT  is  a  right 

Y  Y 

continuous  filtration.  From  Proposition  3.3.2  c  F  =  cKH^)  v  a(H^)  all 
teT  and  by  (3.3.18) 

Ft  ■j1I*i(1io,t]£i)*/  Jo  f,‘s>£  1[„,t](s)dqcs-i)  e  "y  ■ 

n 

It  is  known  (Galthouck  (1976))  that  if  f. e  L  (T.A.o.^)  i*l,...,n  and 

(3.3.23)  F'.j  Iw.U(o,t]fi)  f(t)=(f,(t) . f„(t)) 

1«1  1  L  J 

c  Y  2  c 

then  is  an  L  -continuous  martingale  with  <F  >  given  by  (3.3.22). 

Also  it  is  known  that  if 


(3.3.24) 


(s)dq(s,x) 


fl  -  /  mJo  f(S)’i  »[0.t] 

n 

d  Y  2 

then  (F“,F^)  is  an  L  -right  continuous  martingale  with 

.  t 

<F  >t  =  I  L  CfCs)'x)Zdv(s,x)  teT. 

Z  0  IR 

n 

But  from  (3.3.19)  and  the  last  expression 


(3.3.25)  <Fd>  =  /  f(s)’R  (s)f(s)du  (s)  teT. 

z  0  9 


Y  2  c 

Thus  (Ft»Ft)  is  an  L  -right  continuous  martingale  and  since  e  1^ 


and  FjcH  ,  then  E(Ft)  =0  teT 


and 


<F>t  =  E(F2)  =  E(F9)2  +  E(Fd)2  «  <FC>t  +  <Fd>t 
t 

*  /  f(s),R(s)f(s)du  (s)  <  -  teT  . 

0  ° 


The  proof  of  (c)  follows  from  (b)  and  the  polarization  identity 


<F,G>t  =  j  {<F+G,F+G>t  -  <F-G,F-G>t>  teT  • 

Finally  (d)  follows  since  F  = F9  +  Fd,  F9 e  1L.,  Fd e H  ,  IL,  and  H  are  inde 

ttttntCln  C| 

pendent  and  using  (3.3.5). 

Q.E.l 

Now  we  shall  apply  Propositions  3.3.1  and  3.3.2  and  our  results  in 

2 

Chapter  2  to  construct  an  L  (ft) -valued  product  stochastic  measure  of  X^, 

*  “  '  Xn  * 

2 

The  next  theorem  gives  an  L  (ft) -valued  product  stochastic  measure 
of  non-identical ly  distributed  independently  scattered  measures.  It  is 
the  main  result  of  this  section. 


Theorem  3.3.2  Let  (X 


,X  }  be  a  system  of  n£l  L  - independently 
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scattered  measures  on  (T,A)  such  that  =  (X^(t), _ ,Xn(t))  t  e  T,  is 

an  n-dimensional  stochastic  process  with  independent  increments  as  in 

Assumption  3.3.1,  where  X^(t)  =  X^([0,t]).  Then  there  exists  a  unique 

-valued  measure  »  X.  on  (T^A0)  such  that  for  A.  c  A  i=l,...,n 
i=l  1  1 


(3.3.26) 


and  for  A  e  An 


(3.3.27) 


*  X. (A, * . . .  *A  )  =  X. (A.)®...®X  (A  ) 

i=1  iv  1  n'  lv  1'  nv  n' 

^  €>T1 

•  X.  (A)  e  H7 

i=l  1  1 


E(  ®  X . (A) )  =  0 
i=l  1 


(3.3.28) 


where 


(3.3.29) 


VAR(  ®  X  (A))  =  i  l  U  (AnA11) 

i=l  1  n-  n  1Jll  n 


y.  .(CnB)  =  EX.(C)X.(B)  C,B €  A  i,j=l,...,n. 


Proof  Let  {e.}?  ,  be  the  canonical  basis  in  P  and  define 
-  —x  i=i  n 

fA(t)  =  V^i  teT  AeA  i=l, . . .  ,n 

Then  for  each  i=l,..,,n  f  *  e  L„(y  )  since 

A  R  o 

/  4(t)’R(t)f^(t)dyo(t)  =  /  r..(t)dyo(t)  =  /  dy.(t) 

T  A  A 

=  yi(A)  <  ®. 


Next,  by  Proposition  3.3.1  for  each  AeA 


V«  =  /fi-dYeHy 


i—l, . . . ,n 


where  Hy  =  H^H^.  Thus  each  independently  scattered  measure  X^  is  an 

orthogonally  scattered  measure  on  (T,A)  with  values  in  the  common  Hilbert 

spcae  Hy  and  control  measure  y..  Therefore  existence  and  uniqueness  of 
®n  n 

the  R,  -valued  measure  ®  X.  follow  by  Theorem  2.2.1.  On  the  other  hand 

i=l 


by  Proposition  3.3.2  we  can  see  ®  X.  as  an  L  (J2,F  ,P) -valued  measure. 

i=l  1 

Finally,  the  equalities  (3.3.27)  and  (3.3.28)  follow  in  the  same  way  as 
n 

for  ®  HL  in  Proposition  3.1.1. 

i=1  Q.E.D 


n 

In  order  to  compute  the  symmetric  tensor  product  measure  ®  X^(A) 

i=l 

for  Ae  An,  we  have  to  find  concrete  expressions  for  general  symmetric  ten¬ 
sor  products  of  elements  in  Hy  where  Y  is  an  n-dimensional  stochastic  pro¬ 
cess  with  independent  increments  as  in  (3.3.4).  This  last  problem  was 
studied  by  Kailath  and  Segall  (1976)  for  the  case  of  a  one -dimensional  sto¬ 
chastic  process  with  stationary  and  independent  increments.  Although  the 
main  ideas  behind  the  next  two  results  originated  from  the  above  named  work 
we  were  not  able  to  find  them  in  the  literature  in  the  generality  that  they 
are  presented  and  proven  here. 

The  next  result  is  a  generalization  of  Propositions  3.1.2  and  3.2.2. 

We  remark  that  for  this  theorem  to  hold  it  is  required  that  T  is  an  inter¬ 
val  of  the  real  line . 


Theorem  3.3.3  Let  (Yt)  t«T  *  [0 , TQ]  and  Hy  be  as  in  Proposition  3.3.1. 
For  each  i=l,...,n  let  f  *  e  /.^(u  )  and 

(3.3.30)  F.  (t)  =  /  fi.dY,  F.  =  /  f1  *dY 

1  [0,t]  1  T 

where  the  fx,s  are  not  necessarily  all  different.  Then 

(3.3.31)  F1®...®Fn=  (n!)**  p"o(F1,...Fn) 

where  P_n(Fj,...  ,F  )are  multivariate  functionals  of  the  process  Y  (Kailath 
and  Segall  (1976),  Meyer  (1976))  defined  by 

P°  (•)  -  1  t£  T 


(3.3.32) 
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(3.3.33) 

(3.3.34) 


£^(Fi)  =  F.(t)  teT 


i=l, . . .  ,n 


U [0!tlc1<F^ . . Ws)  teT- 

The  proof  of  this  theorem  is  based  on  the  following  lemma. 


Lemma 


3.3.2  Let  Y  te  T  and  H^.  be  as  in  Theorem  3.3.3,  fe  Lr(pq)  , 


F(t)  =  /[0  tjf*dYand  F  =  F  =  /? f-dY.  Then 


n*  p" 


F  -  (n!)'  P"  (F) 


where  P  (F)  n^l  are  univariate  functionals  of  the  process  Y  (Kailath  and 
Segall  (1976),  Meyer  (1976))  defined  by 


(3.3.35)  P°(*)  =1  V  te  T 

(3.3.36)  pJ(F)  =  F (t) 

(3.3.37)  P"(F)  =  /  P^:1(F)dF(s) . 

1  [0,t]  S 

Proof  We  first  show  that  the  functionals  (3.3.35)- (3.3.37)  belong  to 

2  Y  Y  n 

LZ(J1,F  ,P)  and  that  they  are  square  integrable  F^-martingales :  each  Pt(F) 

Y  1  Y  2 

is  F^  adapted  all  nsl  teT  and  by  Lemma  3.3.1  (P^.  (F) ,  F^_)  is  an  L  -martin¬ 
gale.  Next  using  Lemma  3.3.1  (b)  we  have  that 

E(  J  [p"_1(F)]2  d<F>  ) 

[0,t]  S  S 

=  /  E(p"_1(F))2f(s)'R(s)f(s)du  (s) 

[0,t]  5 

£  E(Pll"1(F))2  /  f(s)»R(s)f(s)du  (s) 

To  [0,t]  0  * 

n  2  2 

Hence,  using  induction,  if  E(P^,~1  (F)  j  <  °°,  then 


•  *  a  *  *■  *  *  *  m  * 

* 

V 


Sv-’i- .fv 


■J  ■  I 
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E(  /  (P”:1(F))2d<F>)  <» 

which  shows  that  P^(F)  =  f ^  t jP^I1 (F)dF(s) 
gale. 


is 


Y 

a  square  integrable  F^-martin- 


2 

Next  from  Lemma  3.3.1  amd  Theorem  3.3.1,  if  fe  Ln(y  ) 

K  o 

FT  =  Fj  +  Fj  €  «w  ®  Hq 

and  o  o  o  M  -|T/ROf'  (u)xdv(u,x) 

(3.3.38)  y(exp  ©(F)) =  exp(F^  -  ±E  (F®  )2  n  (1+f* (s)AY_)e  n 

o  o  siT 

o 

since  f' (s)jt  e  L2(Tx  IR°,A  x  8°,V)  n  L1  (T  x  F  °,A  x  8°,v)  by  Proposition  3.3.1. 

But  under  this  last  condition 


4  -  I  (f’(s)x)  =  /  J  f'(s)xdN(s,x)  -  /  /  f'(s)xdv(s,x). 

o  q  T  F  T  IR 

n  n 

Then  using  (3.3.9) 


ft  =  I  f'(s)AY  -  /  /  f' (s)xdv(s,x) 

o  ssT  S  T  IR0 

o  n 

■I  AF  -  /  /  f'  (s)xdv(s.x) 

s<T  T  F 

n 


and  therefore  from  the  last  expression  and  (3.3.38) 


j  1  UI 

Y(exp  ®(F))  =  exp(F^  +F°  ~  <r>T  )  n  {(l+AFs)e  s}  =  Exp(F) 

o  *o  *o  s:£T 


where  Exp(F)  is  the  exponential  semimartingale  of  F  (Doleans-Dade  (1970)). 
Then  the  lemma  follows  using  Proposition  3.3.2,  since  from  Section  3  in 
Doleans-Dade  (1970),  for  any  8  e  C 


(3.3.39)  Exp(0F)  =  l  8nP"(F)  a.s.  VtcT 

Z  n=0  z 


and  on  the  other  hand 


exp  •(BF)  =  l  (nlf*  0nF*n. 
n=0 


Q.E.D. 


Proof  of  Theorem  3.3.3  Using  the  notation  in  (2.2.7)  and  by  Lemma  3.3.2 


F  ®...«F  =  (n!)**  I  (-I)*  l  P"  (  l  1  _(i)F  ) 

1  n  Jl*0  MeP.  ro  i=l  M  1  * 


Next,  using  induction  on  n  one  shows  that  for  all  t 

£>, . F„)  -jr"z  M>*  Z  pj(  Z  1  cti)F  ) 

^  1  n  n.  ^_0  ^  t  .=1  Mc  i 


from  which  the  theorem  follows. 


Q.E.D. 


Let  f\  . . .  ,fk 


We  now  obtain  an  extension  of  Proposition  3.1.2. 


Lemma  3.3.5  Let  Y  tc  T  and  be  as  in  Theorem  3.3.3. 
be  elements  in  L_(p  )  with  disjoint  support, 

K  O 

F-(t)  =  /  f1  *dY  and  F.  =  F.  (TJ  =  /  fX-dY. 
[0,t]  1  1  V  T 


®n  ®n.  k  n.  l 

(3.3.40)  F  1®. .  ,®F,  K  =  (n!)^  n  P/fF.)  (n.l)^ 

i=l  o  1 

n.  k 

where  P  1  are  defined  in  (3.3.35)-(3.3.37)  and  n  =  \  n. . 

i=l  1 

Proof  Since  f^,...,f^  have  disjoint  support,  then  by  Lemma  3.3.1  (c) , 
Fj, . . . ,Fr  are  mutually  orthogonal  elements  in  and  therefore  the  family 
®n  ®n, 

{Fx  x®...®Fk  :  nx 2  0, . . . ,nk^  0} 

y 

is  orthogonal  in  EXP(Hy)  =  L2(fi,FY,P). 


Next,  for  B1»...,0ke  IR 


oo  ,  k 


(3.3.41)  exp  ®(  l  B.F  )  =  \  (nip  (  l  Vi} 

i=l  1  1  n=0  i=l 


”  -i,  e?1  sl!k  ®".  % 

■  I  ("»  Z  rr  •  •  •  tt  Fi  ••  •  ••Ft 

n=0  nj+...+nk«n  l  nk 


•  .*•  .*•  . 
*  -  *  *  *  .  •  o  .  •  .  *  .  *  *  *  »  V  • 


On  the  other  hand  since  for  i ^  j  f  and  fJ  have  disjoint  support. 


then  if  [  ,  ]  denotes  the  optional  quadratic  variation,  using  Lemma 
3.3.1  (b)  we  obtain 


Then 

(3.3.42) 


(Vi-Wt  -  6i6i  <'vF5>t  *6isj  jt4Fi(s)AFj(sl 

=  s.6.  l  fi(s)'AY(s)fj(s)AY(s)  =  0. 

1 


sst 


Exp(0  Fj*. .  .+6kFk)t  =  n  Exp(8iFi)t  a.s.  VteT. 

i=l 


Hence  the  assertion  of  the  lemma  follows  from  (3.3.39),  since 


®n 


1. 


On, 


Fj  *®...®Fk  =  (n!) 


n1+...+nk 


n1  nk 

3  B, 1 ...  a  B,  K 


n  Exp  (3  F  ) 

2  1  r 


k  s 


8=0 


i=l 


B«  (Blf...,Bk), 


Q.E.D 


With  the  above  lemma  we  are  able  to  compute  the  symmetric  tensor  prod 
n 

uct  measure  ®  X.(A),  for  special  sets  AeA.  The  following  result  will 
i=l  1 

be  used  in  Section  3.4. 


Corollary  3,3.1  Let  {Xj,...,Xn)  be  a  system  of  independently  scattered 
measures  as  in  Theorem  3.3.2.  Let  A^,...,Ak  be  disjoint  sets  in  A  for 
k>0.  Then  if  ij,...,ik  e  {l,...,n} 


(3.3.43) 


-h 


X.  ^©...©X.  (Ak)  =  (k!)  X  (Aj)..^.  (Ak) 
1  k  X1  xk 


The  proof  follows  by  Lemma  3.3.3  since  pi  (F.)  =  F.(TQ)  and  by  taking 
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f*(t)  =  1A  (t)£. ,  where  {e.^}?^  is  the  canonical  basis  in  ]Rn. 
i  x 

The  main  properties  of  the  functionals  £n(Z^, — ,2^)  and  Pn(Z) 
defined  in  (3.3.32)-(3.3.34)  and  (3.3.35)-(3.3.37)  respectively,  are 
given  in  Kailath  and  Segall  (1976)  and  Meyer  (1976),  including  recursive 
expressions  to  compute  them.  In  particular,  the  univariate  functionals 
Pn(Z)  are  Hermite  polynomials  in  the  case  when  Z  is  a  Gaussian  martingale. 
The  first  few  expressions  for  Pn(Z^, _ »zn)  are: 

p£(*)  =  1  pJ(Z.)  =  Z.(t)  V  e  T 

(3.3.44)  P^.Z.)  -  f^OOZ^t)  -  [Zi,Zj]t> 

(3.3.45)  P^(Z.,Z.,Zk)  =  i{Z.(t)Z.(t)Zk(t) 

-  z.(t)[z.,zk]t-z.(t)[zi,zk]t 

-  Zk(t)[Z.,Z  ]  *2  l  AZ.(s)AZ  (s)AZk(s)> 

J  sst  J 

where  Z^,...,Z  are  semimartingales  not  necessarily  all  distinct. 


Multiple  stochastic  integrals  As  in  the  Gaussian  and  Poisson  cases 

n 

(Sections  3.1  and  3.2  respectively),  integrals  with  respect  to  ®  X. 

i=l 

can  be  constructed  using  the  theory  of  Section  2.3.  Under  Assumption 

3.1.1  T  is  an  interval  of  the  real  line  and  the  measures  vk's  are  non- 

n  1 

atomic.  Then  by  Theorem  2.3.2  a  function  f  is  ®  X. -integrable  if  and 

n  n  1=1  1  n 

only  if  f e  L2(Tn,An,  ®  y.),  i.e.  L, (  ®  X.)  =  L2(Tn,An,  ®  y.). 

i=l  1  1  i=l  1  i=l  1 

2  n 

Thus  from  Proposition  3.3.2  we  have  that  if  f e  L  (Tn,An,  ®  y.) 

i=l  1 


85 


k* 


c 


N 

i* 


2  Y 

is  an  element  of  L  (ft,F  ,P)  with  all  the  properties  of  the  integral  of 
Section  2.3.  In  the  next  result  we  summarize  some  of  these  properties. 

We  use  the  notation  of  Theorem  2.3.3. 

n 

Proposition  3.3.3  Let  _ ,Xn  and  ®  X..  be  as  in  Theorem  3.3.2.  Then 

n  i=l  2  n  n  n 

a  function  f  is  ®  X. -integrable  if  and  only  if  f e  L  (T  ,A  ,  ®  y.)  in 
i=l  1  i=l  1 

which  case 

a)  In(f;Xj, . . • >X^)  e  L2(Q,FY,P). 

b)  E(In(f;X1,...,Xn))  =  0. 

c)  If  g  e  L2(1Jn,Am,  ®  y.)  m  A  n 

i=l  1 

E(In(f;X1,...>Xn)Im(g;X1,...,Xm)) 

"  6nm|nW^R#n(i) 

The  proof  follows  analogous  to  the  proof  of  Lemma  3.1.1. 

One  dimensional  case  We  now  consider  the  case  when  X  =  X,  =  . . .  =  X 
i.e.  Y  = X^  is  a  one  dimensional  stochastic  process  with  independent  in¬ 
crements  as  in  Assumption  3.1.1  with  n=l.  Then  X  is  an  H^-valued  ortho¬ 
gonally  scattered  measure  and  by  (3.3.11)  it  has  control  measure 

(3.3.46)  y(A)  =  a.  (A)  +  /  J  x2dv(t,x)  Ae  A  . 

A  IR 

Then  in  this  case  yQ = y  and  r(t) =  1  all  t e  T.  If  we  identify  functions 

2 

which  are  equal  a.e.  dyQ(t),  the  space  of  functions  LR (yQ)  can  be  taken 

2 

to  be  the  Hilbert  space  LR(yQ)f  that  in  this  situation  is  equal  to 
2 

L  (T,A,y).  Then  is  this  case 

I„(f)  =  /  f-dY 
x  T 
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where  the  last  integral  is  defined  in  (3.3.18)  for  n=l. 

Following  the  notation  of  Propositions  2.2.1  and  2.3.6,  by  Proposition 
3.3.2  we  obtain  that  for  n^l  the  symmetric  tensor  product  stochastic  mea¬ 
sure  X®°  on  (Tn,An)  and  the  multiple  stochastic  integral  In<9(f;X), 
f e  L^(Tn,An,y®n) ,  are  L^(fl,F*,P)-valued  elements.  They  satisfy  the 
properties  of  Proposition  2.2.1  and  Proposition  2.3.5  respectively. 

A 

The  next  two  results  are  extensions  of  Theorem  3.1  in  Ito  (1951) 

2 

(Propositions  3.1.5  and  3.1.6  in  our  work)  to  the  case  of  a  general  L  - 
independent  increments  process. 

Proposition  3.3.4  Let  X  be  a  one  dimensional  stochastic  process  with  in- 

k 

dependent  increments  as  above.  Let  P  (•)  be  the  functionals  defined  in 

(3. 3. 35) -(3. 3. 37) .  Assume  that  fj (t) , . . . ,fm(t)  is  a  system  of  real  valued 
2 

functions  in  L  (T,A,y)  with  disjoint  support.  Define 


f(t)  =  fi(ti)...fi(tk  )f2(t  i)...f2(tk  k  )...fm(tk  _+k  +...k 

11  1  ^  lm  lm 

Then  if  n  =  k,  +  . . .+k 
1  m 


Ina(f;X)  =  (n!)**  n  PTi(F.)(k.!) 


i=l  o 


where  F.  =  / f.dX  =  Iv(f.). 
l  l  X  i 


0 

Proof  By  Lemma  2.3.1  f  is  X  -integi-able  and 


®k.  ®k 

Next  using  Lemma  3.3.1  (c) 


E(F.F.)  =  /  f  (s)f  (s)dp(s)  =  0 

J  t*  ^  J 


Corollary  3.3.2  Let  T  =  [0,1].  Then  if 

T1  ’  (ftl . V  :  0s  tns  !> 

In»'1Tn'X)  ‘ 

1 

That  is,  formally 

/.../  dX(t  ) .. .dX(t  )  =  (n!) P?(X). 
o^t1<...<tnsi  1  n  1 

Proof  By  Definition  2.3.1,  I  (1  ;X)  =  X®11^!?)  .  Then  the  result  follows 

— -  n  1 

ll 

®n 

from  the  last  proposition  since  X  is  finitely  additive,  y  is  continuous 
and  Proposition  2.2.1  (c) . 

Q.E .D. 

Finally,  in  this  section  we  discuss  the  completeness  of  the  multiple 

2  X 

stochastic  integrals  In®(f;X)  n>0  in  L  (ft,F  ,P),  obtaining  a  characteriza¬ 
tion  of  the  Gaussian  and  certain  Poisson  random  measures  on  (T,A). 

2 

Proposition  3.3.5  Let  X  be  an  L  -stochastic  process  with  independent  in¬ 
crements  as  in  Proposition  3.3.4.  Then  the  system 

{Wfn:X):  VL2CT\A",>i®n),  "«> 


(3.3.47) 
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generates  L2(A,f\p)  if  and  only  if 

a)  v(t, A)  =  0  V  A  e  8° ,  t  e  T  (Gaussian  situation)  or 

b)  OjCt)  =  0  and  v(t,*)  is  concentrated  in  one  point  xQ  ^  0. 

Proof  Assume  (a)  holds.  Then  u(A)=cr^(A)  As  A,  X^  =  W^.  t  e  T,  I^(f) 

=  I  (f)  fs  L2(T,A,u)  and  H  =  It,.  Thus  from  Proposition  2.3.7  the  system 

W  A  n 

(3.3.47)  generates  the  space  EXPO^)  and  by  (3.1.4)  EXPO^)  is  identified 

2  W 

with  L2(ft,FW,P).  Then  the  system  (3.3.47)  generates  L  (ft,F  P) . 

2 

Now  assume  (b)  holds,  then  y(A)  =  xoV(A;xq)  Ac  A  for  xq ^  0,  q(A)  = 

q(A;xQ)  is  a  Poisson  random  measure  on  (T,A),  Xt  =  q([0,t]),  Ix=Iq(f) 

fe  L2('i,A,y)  and  HY  =  H  .  Then  as  above,  from  Proposition  2.3.7  the  system 
X  q 

(3.3.47)  generates  the  space  EXP(H  )  and  by  Lemma  3.2.2,  EXP(H  )  is  identi- 

4  4 

fied  with  L2(fl,F^,P) .  Then  the  system  (3.3.47)  generates  L2(f2,Fq,P). 

2  X 

Next  assume  that  the  system  (3.3.47)  generates  the  space  L  (Q,F  ,P) 

which  is  identified  with  EXP(H)  by  Proposition  3.3.2,  where  H  =  .  Then 

by  Proposition  2.3.7  the  system  (3.3.47)  generates  EXP(HX).  Therefore, 

2 

EXP(HX)  =  EXP (H)  which  implies  Hx=  II.  Then  for  each  g^  L  (T.A.C^)  and 
g2  e  L2(Tx  IR°,Ax  B°,v)  there  exists  fe  L2(T,A,y)  such  that 

Vgl}  +Iq(s2)  ""  XX(f)* 

But  from  (3.3.18)  in  Proposition  3.3.1 

Yf>  *  v«  ♦  y fx> 

Therefore 

iw(gi)  -  yf)  =  °  a-e- 

and 

Iq(g2)  "  Tq(fx)  =  °  a,e’ 

which  implies 


2/2 
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(3.3.48)  gi  =  f  a.e.  do^ 

and 


(3.3.49) 

g2(t,x)  =  f (t) x  a.e.  dv  . 

Suppose  there  exists  t^e  T  and  Ae  8°  such  that 

(3.3.50) 

0  <  v([0,t1]  x  A)  <  oo  # 

Then  0  <v(t,A) 

function.  Let 

1p„t1]xA(t>X)- 
above  argument 

<oo  t>tj  since  v(t,A)  =  v([0,t]xA)  is  a  non-decreasing 

g1(t)  =  al  ^  ^(t)  for  an  arbitrary  af  0  and  g2(t,x)  = 

Then  g^  e  L2(T,A,0j)  and  g2  e  L2(Tx  IR°,AxB°,v)  and  by  the 
2 

there  exists  fe  L  (T,A,p)  such  that 

(3.3.51) 

£(t)  '  dl  [O.t!]"1  a’e-  d°l 

(3.3.52) 

f(t)  =  1[0,t1]xA(t>x)  a’e-  dV' 

Let  te  [O.tj]  and  x1>x2e  A.  Then  (t.x^  e  [0, *  A  and  (t,x2)  e  [O.tj]  x  A 
and  by  (3.3.52)  f (t)x1 =  f (t)x2 =  1  i.e.  f(t) t  0  and  f (t) =  1/x^ =  l/x2 
which  implies  x^ =  x2  and  therefore  v(t,A)  is  concentrated  in  one  point 
xq,  say,  and  f (t)  =  1/xq  te  [0,t  j  ] .  Then  by  (3.3.51)  if  xo^  A  1 ,  o1(  t)  =  0 
te  [O.tj]  and  since  a  is  arbitrary,  then  cfj(t)  =  0  all  te  [0 , t ^ ] .  Then 
since  v(t,A)  is  non-decreasing  the  above  argument  holds  for  all  t>0,  i.e. 
v(t,A)  is  concentrated  in  one  point  and  a^(t)  =  0  all  t>0.  Hence  condition 
(b)  holds. 

On  the  other  hand,  if  there  do  not  exist  t^e  T  and  Ae  8°  such  that 
(3.3.50)  is  satisfied,  then  v(t,A)  =  0  all  te  T  and  Ae  8°  since  v  is  a 
a-finite  measure  on  (T«  JR°,Ax  B°) .  Then  condition  (a)  holds. 

Q.E.D. 

3.4  Comparisons  with  earlier  results 

Engel  (1982)  and  Rosinski  and  Szulga  (1982)  have  recently  studied 


9i 


2 

L  -valued  product  stochastic  measures.  In  all  these  works  the  usual  prod¬ 
uct  of  independently  scattered  measures  has  always  been  considered  and  in 
none  of  them  has  the  symmetric  tensor  product  been  used,  in  this  section 
we  point  out  the  main  differences  between  the  two  approaches  and  the  advan¬ 
tages  of  the  symmetric  tensor  product  measure. 

Engel  and  Kakutani  (Engel  (1982))  have  considered  the  construction  of 

2 

an  L  (ft) -valued  product  stochastic  measure  from  a  system  of  nil  stochastic 
processes  {Xj(t)  , . . .  ,Xn(t)},  teT  =  [0,Tol,  on  a  probability  space  (ft,F,P), 
satisfying  the  following  four  conditions  (R1-R4  in  Engel's  notation  (1982)) 

(3.4.1)  The  funtion  m^(t) =  EX^(t)  is  a  continuous  function  of 
bounded  variation  on  T,  for  each  k-l,...,n. 

(3.4.2)  The  function  ^(t)  = 
tonely  increasing  function  on  T,  for  each  k=l,...,n. 

(3.4.3)  If  {i  ,...,1  }  is  any  set  of  disjoint  intervals  contained 

—  9 

in  T  and  {i-,...,i  }  is  any  set  of  integers  where  l<k£n, 

—  H 

k=l,...,q,  then  {X^  (Ij),...,X.  (I  )}  forms  an  independent 

l  1q  q 

system  of  random  variables,  where  for  1=  (s,t],  X^(I)  = 

X.(t)  -  X.(s). 

(3.4.4)  If  I  c  T  is  any  interval  and  l<j^<...<  j^Sn  is  any  sequence 
of  integers  between  1  and  n,  then 

E  |  X .  (I)  X.  (I)  ...  X  (I)  | 2  <» 

J1  J2  Jk 

and 

E( | X.  (I)...X.  (I) I) 2  -  0  as  1 1 1  -  0. 

J1  Jk 

Let  A”  (F"  in  Engel's  notation)  be  the  field  of  elementary  subsets 
of  Tn  of  the  form 


E(X.  (t)-!^^))  is  a  continuous  mono 
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(3.4.5) 


U  C.  j  I,  X...XI. 

i, . . . i  =1  1  n  X1  Xn 


i  i  •  •  •  ■» 

1  n 


where  {I  }  is  a  partition  of  T  into  disjoint  intervals  (depending 

on  B)  for  which  Ik<IJ(+2  ^-e*  sl€  an<*  s2e  Jk  +  1  then  Sl  <  S2^  k=1» 

...,q-l  and  c.  .  is  either  zero,  indicating  that  I.  *...xl,  is  not 
l,  •  •  i ,  l _ 

In  In 

included  in  the  union,  or  is  one  indicating  that  it  is  included.  Engel 

(1982)  defines  the  finitely  additive  L^(ft) -valued  product  measure  Y^  on 
•  n 

A0  as 


(3.4.6) 


Y  ^  =  .  I  ^...iW-^i5  BeA° 

. .  .i  =1  1  n  1  n 

1  n 


and  proves  the  following  theorem  which  extends  the  measure  Yn  to  An=o(Ag). 


Theorem  3,4.1  (Theorem  4.5  Engel  (1982)).  Let  (X^t)  , . . .  ,Xn(t)  },  teT  = 
[0,T  ]  be  a  system  of  nil  stochastic  processes  satisfying  the  regularity 
conditions  (3. 4 . 1) - (3. 4 .4) .  Then  the  L  (ft) -valued  measure  Yl  J  defined 
by  (3.4.6)  on  A^  can  be  extended  to  a  countably  (ft) -valued  measure  (also 
denoted  by  Y^°  )  on  the  Borel  o-field  A n=a  (A^)  . 

The  idea  of  the  proof  of  this  theorem  is  to  partition  the  set  T11  into 

2 

disjoint  pieces  on  which  an  appropriate  countably  L  (ft) -valued  measure  can 

be  defined  and  then  show  that  the  sum  of  all  these  measures  is  the  required 

measure.  This  procedure  uses  a  complicated  double  induction  and  involves 

prior  knowledge  of  what  the  measure  Y^  should  look  like,  even  when  the 

mean  function  of  each  process  is  assumed  to  be  zero.  On  the  other  hand 

n 

the  construction  of  the  symmetric  tensor  product  measure  ®  X.  follows  the 

i  =  l  1 

more  natural  ideas  from  the  theory  of  product  real  valued  measures.  More¬ 
over,  the  assumption  that  T  is  a  subset  of  the  real  line  is  essential  in 
the  construction  of  Engel's  product  measure  Y^  and  therefore  more  general 
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parameter  sets  T,  as  those  considered  in  Sections  3.1  and  3.2  of  this  chap¬ 
ter,  cannot  be  contemplated  in  Engel's  framework. 

Assumptions  (3.4.2)  and  (3.4.3)  imply  that 

Yt  =  (X1(t),...,Xn(t))  teT 
2 

is  an  n-dimensional  L  -stochastic  process  with  independent  increments.  Then 

if  we  assume  EX.  (t)  =  0  V  tcT  i=l,...,n,  we  are  able  to  construct  the 

2  Y  * 

L  (12, F  ,P)-valued  product  stochastic  measure  ®  X.  as  in  Section  3.3.  This 

i=l  1 

"zero  mean"  condition  is  satisfied  in  many  interesting  cases  and  allows  us 

n 

to  use  Hilbert  space  techniques  in  the  construction  of  ®  X^.  On  the  other 

hand,  although  the  "zero  mean"  condition  simplifies  the  proof  of  some  of 

Engel's  results  (e.g.  Theorem  4.1  Engel  (1982))  it  does  not  make  easier  the 

proof  of  his  Theorem  4.5  using  his  method.  In  the  zero  mean  case  Engel's 

2 

problem  (the  construction  of  an  L  (f2) -valued  product  stochastic  measure)  is 
more  easily  solved  using  Section  3.3,  although  the  product  stochastic  mea¬ 
sure  obtained  is  not  the  same,  as  we  shall  see  later.  Multiple  Wiener  in¬ 
tegrals  have  been  applied  to  obtain  expansions  and  stochastic  integral  rep- 
2 

resentations  of  L  -functionals  of  Yt  (Ito  (1951),  Kallianpur  (1980)).  Since 

the  a-fields  generated  by  the  processes  (Xj(t) , . . . ,Xn(t))  and  (X1(t)-m1(t) , 

. . . ,X^(t) -m^(t))  are  the  same,  from  the  point  of  view  of  this  application 

the  zero  mean  assumption  is  unimportant.  Moreover,  this  assumption  enables 

us  to  use  the  techniques  of  Chapter  II  to  construct  integrals  with  respect 
n  n 

to  ®  X.  and  identify  the  class  of  ®  X. -integrals  that  in  this  case  is 
i=l  1  i=l  1 

2  n  n 

equal  to  L  (T  ,An,  ®  p.).  Engel  (1982)  does  not  consider  stochastic  inte- 
i=l  1  , 

gration  w.r.t.  his  product  stochastic  measure  Y^n  . 

Assumption  (3.4.4)  is  used  in  Engel’s  work  to  assure  that  Y^n\  as  de- 

2 

fined  in  (3.4.5),  is  an  L  (ft) -valued  measure,  i.e.  Hilbert  space  valued. 
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In  our  framework,  this  additional  moment  condition  is  not  necessary  to  obtain 

n  n 

a  (Hilbert  space)  ®  H. -valued  measure  ®  X.,  where  H  is  given  in  Proposition 
i=l  1  i=l  1 

nl  n2 

3.3.1.  Furthermore,  for  n..  ^  n»  the  measures  ®  X.  and  ®  X.  take  values  in 

1  i=l  1  i=l 

the  same  Hilbert  space  EXP(H)  and  they  are  orthogonal  w.r.t.  the  inner  prod¬ 
uct  in  EXP(H).  Moreover,  the  identification  of  symmetric  tensor  products 
of  H  provides  more  insight  into  the  structure  of  (X^ (t) , . . . ,Xn(t) }.  Such 
identification  is  known  for  important  cases  (Neveu  (1968),  Kallianpur  (1970)), 
and  we  have  obtained  in  Sections  3.2  and  3.3  identifications  for  other  im¬ 
portant  situations. 

As  well  as  differences  in  the  assumptions  and  in  the  techniques  used, 

there  are  also  important  differences  between  the  resulting  product  stochastic 
(n)  n 

measures  J  and  ffl  X..  We  now  study  some  of  these  differences. 
i=l  1 

If  E e A”  is  as  in  (3.4.5),  then 


(3.4.7) 

and 

(3.4.8) 


Y(n)(E)  = 


.  i.  /ir.iVV-x(Ii) 

1....1  =1  1  n  1  n 

1  n 


.Vi(E)  =  .  1  .  X1  CIi1)e-eVIin)  • 

1=1  i, ... i  =1  1  n  1  n 

1  n 


Thus  if  I.  <...<  I.  ,  using  Corollary  3.3.1  we  obtain 

Jl  J, 


'n 


n 


(3.4.9) 


®  X.  (I.  x. . . *1 .  )  =  X. (I.  )®...®X  (I,  ) 


=  i  1  J 


i=l 


'n 


lv  j 


n  h 


=  (n! J*5  X  (I  )...X  (I  )  =  (n!)*5  Y(n)(I  *...*I  ) 

•*1  •’n  -*1  •’n 

which  suggests  that  (n!)*5  Y^  and  ®  X.  agree  on  antisymmetric  sets  ( 

i=l  1 

Corollary  2.2.4),  as  it  is  shown  by  the  following  result. 


see 


Proposition  3.4.1  For  each  permutation  11=  (JIj , . . .  ,11^)  of  (l,...,n)  let 


r>TTTTr»TT7T> 


9\~j  p.* 


|T.  rk  »  ,  » 
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and 

Then 

(3.4.10) 


'll  =  {(tj.  —  ,tn)  eT":  tn  <...<  tn  ) 

1  n 


®  X  (A)  =  (n!)*5  Y(n)(A) 
i=l  1 


a«  aJJ  . 


Proof  Ajj  is  the  a-field  generated  by  the  field  of  all  elementary  subsets 


of  Tjj  of  the  form 


B  =  U  c.  .  I.  x. . .xl. 

isin  <...<in  sq  11*‘  n  X1  *n 
nl  iln 


where  I,<...<I  is  a  partition  of  intervals  of  T  and  c.  .  's  are  as  in 

i  a  l « *  •  1 1 

^  In 

(3.4.5).  By  (3.4.9)  and  the  additivity  property  of  the  measures  Y  and 
n 

®  X. 
i*l  1 

®  X.  (B)  *  (n!)**  Y(n)(B)  . 
i=l  1 

Therefore  from  Theorem  3.3.2,  since  B  is  an  antisymmetric  set 

(n!)  E(Y(n)(B))2  =  E(  ^X.(B))2  =^j  Uj®. .  .®Pn(B) . 

Then  an  approximation  argument  shows  (3.4.10)  for  all  BeAjj. 


Q.E.D. 


If  A  is  not  an  antisymmetric  set  then  (3.4.10)  does  not  hold.  Consider 

2 

for  example  the  case  n=2,  then  from  (3.4.7)  and  (3.4.8)  if  Be  A  is  given 


by  (3.4.5) 


yC2)(B)  ■  tu  x  (i  )x  cij 

M,-i  V2  1  1\  z 


12 

and  using  Theorem  3.3.3  and  (3.3.44) 


•  =  L  c4  i  XjCi  )®x  (i  ) 

i=l  i1>i2=1  12  1  2 

=  (2 ! ) {  ?  c  {X  (I  )X  (I  )  -  [X  ,X  ]  (I  n  I  )}} 
ixi2=l  1112  L  11  ^  12  1  *  1l  x2 

=  (2)-*  {  ?  C.  -  X  (I  )X  (I  )  -  J  C  .  [X  ,X  ](I  )} 

=1  1112  1  *1  1  X2  i  =1  1111  1  1  11 


C2)_3s  {Y(2)(B)  -  /  lB(s,s)d[X1,X2]s) 


(3.4. 11)  Y(2)(B)  =  (2)*  o  X  (B )+/  lR(s,s)d[X  ,X_] 

i_l  i  T  d  i  z 


Be  A" 

s  o  • 


Then  it  follows  from  the  above  expression  that  even  in  the  "zero  mean" 
case  we  have  that 


E(Y(2)(B))  =  /  1  (s.sjdy.^s)  .  p.-(B) 


since  E(  ®  X.(B))  =  0  by  Theorem  3.3.2  and 
i=l  1 

yJ2(B)  =  e(x1(b)x2(b))  =  e([x1,x2hb)). 

Therefore  Engel's  product  stochastic  measure  Y^  is  an  uncentered  mea 

n 

sure  which  gives  rise  to  an  uncentered  stochastic  integral,  while  ©  X.  is 

i=l  1 

centered. 

2 

Let  T=  [0,1],  A  =  B(T)  and  X  be  a  single  zero  mean  L  -independently 
scattered  measure  on  (T,A)  with  control  measure  p.  Rosinski  and  Szulga 
(1982)  have  considered  the  random  product  measure  of  X  with  itself  in  such 
a  way  that 


(3.4.12)  XUJ(Aj*A2)  =  X(Aj)  X  (A2) 


Aj ,A2  c  A 


can  be  extended  to  an  L  (ft) -valued  vector  measure  on  (T*T,  Ax  A).  Under 
the  additional  assumption  of  X(A)  e  L4(ft)  all  Ae  A,  they  have  shown  that  X^2 


9i 


2 

can  be  extended  to  an  L  (ft) -valued  vector  measure  on  (T*T,  Ax  A).  This 
last  case  corresponds  to  the  Bngel's  situation  n=2  and  X=X^  =  X2.  They  do 

not  go  beyond  the  case  n=2.  One  of  the  complications  that  will  appear  is 

2 

that  for  n=3,  if  X(A)  e  L  (ft)  Ae  A;  then 

X(3)  (AjXA^Aj)  =  XfA^XCApXfAj)  A.  e  A  i=l,2,3 

is  not  necessarily  an  element  of  L*(ft).  This  means  more  moment  conditions 

about  X  are  required  and  that  product  random  measures  of  different  orders 

take  values  in  distinct  spaces.  Rosinski  and  Szulga  (1982)  use  the  theory 

of  integration  with  respect  to  vector  valued  measures  to  construct  integrals 
f21  121 

with  respect  to  X*-  ,  characterizing  the  class  of  X^  -integrable  functions. 

For  purposes  of  comparison  some  results  of  Rosinski  and  Szulga  (1982)  are 
summarized  in  the  next  two  propositions. 

Proposition  3.4.2  (Rosinski  and  Szulga  (1982)).  Let  (T,A,y)  be  as  above 

2 

and  X  be  a  zero  mean  L  -independently  scattered  measure  on  (T,A)  with  control 
measure  y.  For  Aj,A2«A  define  X^(AjXA2)  =  X(Aj)X(A2>.  Then 
(2)  1 

a)  Xv  ,  as  a  vector  measure  in  L  (ft),  has  a  countably  additive  exten- 

2  2 

sion  to  (T  ,A  ) . 

2 

b)  For  a  real  valued  measurable  function  f  on  T  define 

N(f)  =  / 1 f  (t,t)  |dp(t)  +  {  /  /|f(s,t)  |2dy(s)dy(t)}*s 

T  2 

T  \A 

where  A  =  {(s,t)  e  T2:s=t).  If  N(f)<»  then  f  is  X^ -integrable 
with  L^(ft) -valued  integral  denoted  by 

J2  f(s,t)dXC2)(s,t). 

T 


c)  If  N(f)  < 00  then 


97 


(3*4*13)  J2  f(s,t)dX(2)(s,t)  =  /  f(t,t)dV  (t)  +  /  f (s,t)dV_(s,t)  a. 

*p  J  A  rp“  fc 

where  V^(t)  =  [X,X]t  is  the  optional  quadratic  variation  process  of 
X(t)  =X([0,t])  and  V2(A)  =  X(2)(A\A)  A  e  A2. 

Moreover,  the  first  integral  on  the  RHS  of  (3.4.13)  belongs  to  L1 (ft) 

2 

while  the  second  belongs  to  L  (ft) . 

dl  Let  X  be  a  Gaussian  random  measure.  Then  f  is  X^-integrable  if 
and  only  if  N(f)  <  °»  . 

Proposition  3.4.3  (Rosinski  and  Szulga  (1982)).  Let  X  be  an  independently 
scattered  measure  as  in  Proposition  3.4.2  and  asuume  that  E(X(A))4)  <°»  for 
all  A  e  A.  For  A  , A  e  A  define  X(2)  (Aj_  x  A2)  =  X(Aj)  X(A2)  .  Then 

(2)  2 

a)  Xv  ' ,  as  a  vector  measure  in  L  (ft) ,  has  a  countably  additive  exten¬ 
sion  to  (T2,A2) . 

2  (21 

b)  A  real  valued  function  on  T  is  X  -integrable  if  and  only  if  the 

next  three  conditions  are  satisfied. 

(i)  /  |f(t,t)  |dy(t)  <“ 

T 

(ii)  / f  (f(t,s) |2dy(t)dy(s)  <  ® 

T2\A 

(iii)  /  |f(t,t)  J 2  j G ]  (dt)  <  oo 
T 

where  |g|  is  the  variation  of  the  signed  measure 
G(A)  =  E(X(A))4  -  3(E(X(A))2)2  Ae  A. 

Denote  by 

/  f(s,t)dX(2)(s,t) 

T 

2  f  21 

the  L  (ft)-valued  integral  of  f  w.r.t.  X  . 


c)  If  f  is  X  -integrable 


E(/2fdX(2))2  =  (J  f (t,t)dy(t)) 2  ♦  J  J2  f2(s,t)dy(s)du(t) 
I?  T 

*  !  L  f(s,t)f(t,s)dp(s)du(t)  ♦  /  |f (t,t) |2G(dt) . 

T  T 

d)  If  X  is  Gaussian  then  G=  0  and  the  random  integrals  with  respect  to 
(2) 

Xv  in  the  sense  of  Lj  and  L2  coincide. 

On  the  other  hand,  following  the  notation  of  Proposition  2.2.1,  let 

X®2  be  the  L2 (ft, FX,P) -valued  symmetric  tensor  product  stochastic  measure 
2  2 

on  (T  ,A  )  constructed  at  the  end  of  Section  3.3  (n*2)  under  the  only  mo- 

2 

ment  assumption  of  X  being  L  -valued.  From  Theorem  3.3.3  and  (3.3.44) 
if  Aj,A2  e  A 

X*2(W  =  X(V  ®  X(V  *  cCx^A1)X(A2)  -  [X.XKAj  n  A2)) 

where  c=  (2)-!s  ,  and  therefore  by  (3.4.12) 

(3.4.14)  X®2(Aj*A2)  =  c(X(2)(A^A2)  -  [X.XKAjn  A2))  . 

®2 

Hence  since  E(X  (A^><A2))  =  0 

E(X(2)(A1xA2))  =  EdX.XKAjn  A2))  =  p(Aj  n  A2) 

(2) 

i.e.  X  is  not  necessarily  a  centered  product  random  measure  and  gives 
rise  to  an  uncentered  integral  as  it  is  shown  in  (3.4.13)  of  Proposition 
3.4.2.  Moreover,  from  (3.4.14)  and  (3.4.13)  we  obtain  that 

c  V2(A)  =  X®2(A)  Ae  A2  . 

2  2  2  ^2  02 

If  fe  LZ(T  ,A  ,p  )  then  f  is  X  -integrable  and  the  converse  holds 

02 

if  p  is  non-atomic.  The  integral  with  respect  to  X  is  centered  (Proposi 


J 
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tion  3.3.3  taking  n=2  and  X=  X^=  X2)  . 

Then  the  advantages  of  the  symmetric  tensor  product  measure  approach 

are  that  it  does  not  need  additional  higher  moment  conditions  to  construct 
2 

an  L  (fi) -valued  random  product  measure  and  it  gives  rise  to  centered  multi¬ 
ple  stochastic  integrals.  Moreover,  this  approach  can  be  used  (as  it  was 

done  in  Sections  3.1,  3.2  and  3.3)  to  construct  product  stochastic  measures 

2  X 

of  order  ni  1,  all  taking  values  in  the  same  space  L  (Q,F  ,P) ,  without  need 
ing  extra  higher  moment  conditions. 

Concluding  remarks  IVe  have  seen  in  this  chapter  that  the  symmetric  tensor 
product  approach  is  an  appropriate  t >ol  o  obtain  product  stochastic  mea¬ 
sures  and  to  construct  multiple  stochastic  integrals  w.r.t.  them.  A  clear 
relationship  between  the  theory  of  multiple  stochastic  integrals  and  the 
theory  of  vector  valued  measures  has  been  established.  Moreover,  Theorem 
2.1.4  suggests  that  this  approach  could  be  used  to  construct  infinite  prod 
uct  stochastic  measures,  which  we  have  not  done  since  we  have  not  been  suc- 
cesful  in  defining  the  concept  of  infinite  symmetric  tensor  product.  This 
last  notion  was  not  found  in  the  literature. 


CHAPTER  IV 


NUCLEAR  SPACE  VALUED  WIENER  PROCESS 
AND  STOCHASTIC  INTEGRALS 

In  this  chapter  we  bring  together  several  notions  and  results  about 
nuclear  space  valued  Wiener  processes  that  will  be  used  in  the  next  chap¬ 
ter.  We  begin  by  presenting  the  Countably  Hilbert  Nuclear  Space  $  that 
we  are  going  to  consider  in  the  remaining  part  of  this  work  (Assumption 
4.1.1).  Then  we  define  a  ^'-valued  Wiener  process  (W^)  t>0  with  a  contin¬ 
uous  positive  definite  bilinear  form  Q  on  4>  x  $  and  study  some  of  its  prop¬ 
erties  such  as  the  corresponding  Rigged  Hilbert  Space  associated  with  it; 
the  Wiener  integral  and  its  associated  Gaussian  space;  and  an  infinite 
system  of  independently  scattered  measures  that  are  non-identical ly  dis¬ 
tributed  and  mutually  independent  on  disjoint  sets.  At  the  end  of  Section 

4.1  we  present  some  examples  of  $’ -valued  Wiener  processes  that  show  how 
our  framework  includes  many  cases  already  considered  in  the  literature. 

In  Section  4.2  we  discuss  real  valued  and  -valued  stochastic  integrals 
with  respect  to  W^  in  a  manner  that  they  can  be  used  in  Chapter  V  in  rep¬ 
resenting  nonlinear  functionals  of  Wt . 

4.1  Nuclear  space  valued  Wiener  process 

4.1.1  The  Countably  Hilbert  Nuclear  Space  $  and  its  n  tensor  product  4> 


let  En  be  the  Hilbert  space  completion  of  E  with  respect  to  II  *  I!  n*  For 
n<m  suppose  we  have  ||<J>llns  ||  <j>|lm  E.  Then 


E  c  E  c  E  c  E' 
m  n 

E'  being  the  topological  dual  space  of  E.  Furthermore,  let  E  =  fl  E  and 

n>0  n 

suppose  that  for  every  n  there  is  an  man  such  that  the  injection  of  E^  into 
E^  is  a  Hilbert -Schmidt  map.  Then  E  is  said  to  be  a  Countably  Hilbert  Nu¬ 
clear  Space  (CHNS) . 

Among  important  properties  of  a  CHNS  E  we  have  that  (Gelfand  and  Vilen 
kin  (1964))  E  is  a  complete  metrizable  locally  convex  space  (Frechet  space) 
which  is  separable  and  every  bounded  closed  set  in  E  is  compact .  A  useful 
result  that  we  will  use  several  times  in  this  work  is  the  following  lemma. 
Although  it  can  be  proved  for  any  linear  topological  space  of  the  second 
category  (see  Xia  (1972)  page  386),  we  shall  establish  and  prove  it  in  the 
case  when  E  is  a  CHNS.  A  result  of  this  type,  involving  a  Baire  category 
argument,  was  first  used  in  the  study  of  Er -valued  stochastic  processes  in 
Mitoma  (1981a,  1981b) . 

Lemma  4.1.1  Let  E  be  a  CHNS  and  let  V(4>)  be  a  non-negative,  lower  semi- 
continuous  functional  on  E  (i.e.  ^  +  if  in  E  implies  that  V( (p)  <.  lim  V(4>n)), 
satisfying  the  following  conditions: 

a)  For  any  <p,  ipe  E  V(4>+ip)  s  V(<f>)  +  V(i|0  . 

b)  For  any  <p e  E  and  ae  IR  V(a$)  =  | a | V ( <p)  . 

c)  V($)  <  °°  for  any  4>e  E. 

Then  V(<p)  is  continuous  on  E  and  there  exist  a  positive  real  number  0  and 
a  positive  integer  r  such  that 

V(4>)  ^  0  ||  <J>||  V  <j>  €  E. 
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Proof  Let 

Dn  =  {<i>€  E:  V(<j>)  sn}  . 


Since  V  is  a  lower  semicontinuous  function  on  E  then  for  each  n>l  D  is  a 

n 

closed  set  of  E  (see  Reed  and  Simon  (1980)).  Condition  (c)  implies  that 

oo 

E  =  U  D  . 
i  n 
n=l 

Then  by  the  Baire  category  theorem,  since  E  is  a  complete  metric  space,  it 

is  never  the  union  of  a  countable  number  of  nowhere  dense  sets.  Therefore 

there  exists  n„  such  that  D  is  not  a  nowhere  dense  set,  i.e.  there  exist 
On 
11 0 

<pQ€  E,  6^0  and  a  positive  integer  r  such  that 


^  E:  ||  <M>0|lr<  c  Dn  . 


Then  for  any  <j>e  E  <J>j*  0  if  6 <  6^ 


snlirr*  *°£  “d  v  4TrfirT‘ 


and  hence  they  belong  to  D  ,  i.e. 

no 


n&j\twT  +  ^  s  n° md  vc<p° '  &wwT)  *  n° 


But  using  (b)  with  a=  -1  v ( 6 J] ^~f ]  -  V  =  V(<<>o  s  no 


Then  by  (a) 


v(2^Fr)  5  v(^flfTTr+  *o)  +  v(6tt^t  _  V  *  2no 


and  hence  using  (b) ,  if  0*nQ/6 


V(<P)  s  0  ||<|>||  V  <M  E. 


Then  the  continuity  of  V  follows  since  using  (a)  we  obtain 


•  .  ’»  1  •  "  •  ‘  •  *  • •  •  •  •  '  •  *  \  ’  ■  *  *  '  ■  *  ■.  *,  ■  ’ 
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|V(4>)  -  V(i|0 1  S  vc<t>-^  <  0  ||  e-ip(|  r  . 


Q.E.D. 


As  examples  of  CHNS  we  have  SCIR^)  the  Schwartz  space  of  all  rapidly 
decreasing  functions  on  IR^  ds  1  and  S(Z^)  the  space  of  all  rapidly  de¬ 
creasing  sequences  on  the  d-dimensional  lattice  space.  Stochastic  pro¬ 
cesses  taking  values  in  duals  of  these  spaces  have  been  considered  in  the 
recent  works  of  K.  ltd  (1978a,  1978b,  1983),  Dawson  and  Salehi  (1980)  and 
Shiga  and  Shimizu  (1980)  among  others.  However,  in  several  practical  prob¬ 
lems,  like  those  occurring  in  neurophysiology,  it  is  not  possible  to  fix  in 
advance  the  space  in  which  the  stochastic  processes  take  their  values  (see 
Kallianpur  and  Wolpert  (1984)) .  The  next  example  is  taken  from  the  work 
of  the  last  named  authors  (see  also  Daletskii  (1967)). 


Example  4.1.1  (Kallianpur  and  Wolpert  (1984)).  Suppose  a  strongly  con¬ 
tinuous  semigroup  (Tt)t^0  given  on  a  Hilbert  space  H  (that  can  be  taken  as 
2 

Hq=  L  (X,dr)for  some  o-finite  measure  space  (X,E,r)).  The  semigroup  (Tt)t>Q 
usually  describes  the  evolutionary  phenomenon  being  studied,  such  as  the 
behavior  of  the  voltage  potential  of  a  neuron  (Kallianpur  and  Wolpert  (1984)). 
Suppose  that  the  strongly  continuous  and  self  adjoint  semigroup  (T  )  ^ 

satisfies  the  following  two  conditions: 

00 

(4.1.1)  The  resolvent  R  =  /  e~atT  dt  is  compact  for  each  a>  0. 

a  0  1 
r. 

(4.1.2)  For  some  r^ >  0  (Rq)  1  is  a  Hilbert -Schmidt  operator. 

By  the  Hille-Yosida  theorem  (Tt)  has  a  negative  definite  infinitesimal 
generator  -L.  Then  by  Corollaries  4.4.1  and  4.4.2  in  Balakrisnan  (1981), 

Hq  admits  a  complete  orthonormal  set  °f  eigenvectors  of  L  with 


eigenvalues  0  s  X^  s  ^  *  • • •  satisfying 


(4.1.3) 


Set 


l  (ct+X  )  1  <  00  (r  > 

3=1  J 


0) 


-2r, 


(4.1.4)  0j  =  l  (1+X  )  1  # 

3=1 

Denote  by  <* , • > 0  the  inner  product  in  HQ  and  let 

(4.1.5) 


4>=  {<j> e  H  :  l  <4>,4).>2  (1+X.)2r<  «  for  all  r€  IR). 


j-1  J  0  J 

For  each  r£  IR  define  an  inner  product  <•»•>  an<l  norm  ||  •  ||  r  on 


$  by 


(4.1.6)  <4'.'P>  =  l  <4>.<I>.>0<V»<)).>0(1+X  ) 

j=l  J  J  J 

(4.1.7)  |U||*  *  <4>.<J»r 


2r 


and  let  be  the  Hilbert  space  completion  of  $  in  the  inner  product  <•»•> 
Then  $  with  the  Frechet  topology  determined  by  the  family  (||*  ||  }  TO  of 
Hilbertian  norms  is  a  Countably  Hilbert  Nuclear  Space.  Let  <J>'  ■  U  Hr  with 
the  inductive  limit  topology.  Then  4>*  is  identified  with  the  dual  space 
(in  the  weak  topology)  to  4.  The  following  properties  hold  (see  Kallianpur 
and  Wolpert  (1984)): 

(4.1.8)  H  r  and  Hy  are  in  duality  under  the  pairing 

oo 

=  I  <£,*.>  _  KeH  ,  <J>  £  H 
j  =  l  1  "r  _r  r 

(4.1.9)  tcH  eH  cj'  if  r<s  and  the  injection  of  H  into  H 

s  r  s  r 

is  a  Hilbert  ^Schmidt  map  if  s>r+  r^. 

(4.1.10)  Finite  linear  combinations  of  {<£ . )  are  dense  in  $  and  in 

every  H  ;  moreover,  {<>>.}.  .  is  an  orthogonal  system  in 


IS 


each  H  ,  and  then  { (1+X.) "r<j>. }  .  is  a  CONS  for  H  . 

r  j  j  j>1  t 


Assumption  4.1.1  From  now  on,  unless  explicitly  stated  otherwise,  we  will 
assume  that  $  is  the  CHNS  of  (4.1.5)  and  that  L,  ^ j >1 »  ri,9i»  H 
-oo<r<°°,  and  $'  are  as  in  the  last  example. 

We  will  see  in  Examples  4.1.2  and  4.1.3  how  the  CHN  spaces  SflR^)  and 
S(£^)  may  be  obtained  within  this  framework. 


9011 

The  tensor  product  nuclear  space  $  Under  the  notation  and  the  hypothe¬ 
ses  of  Example  4.1.1,  for  each  re  1R  let  be  the  n-fold  tensor  product 

Hilbert  space  of  with  inner  product  <*,*>  _  and  norm  II  •  II 

r  o*n  1 '  ' '  ®n 

r  r 

Define  the  linear  space 


$ 811  *  {ty e  H®° :  ij> e  H*1  all  re  1R  } 
o  r 


with  the  topology  determined  by  the  family  of  norms  {||  •  ||  }  , 

_ w  r  €  jk 


Proposition  4.1.1  For  each  n>  1  (4>  ,  ||  •  ||  re  1R)  is  a  Countably 

r 

Hilbert  Nuclear  Space.  It  is  called  the  n-fold  tensor  product  nuclear 
space  of  4>.  If  r<  s  then 


.®n  an  „®n  . 

$  cH  cH  c  ($  )' 

s  r  v  ’ 


where  ($  ) '  is  the  inductive  limit  of  H"*1  re  F,  identified  with  the 

r 

dual  to  $  in  the  weak  topology. 


Proof  Since  for  r  <  s  H  c  h  and 
-  s  r 

i  .®n  .  «ii  it  it  ii  _ 


.,  then  for  each  n£  1 


and  II  II  <|| 


(4.1.11) 


(t®11  =  n  h?" 

k-o  k 


-VW  •'  •  •  -.v.v.v.v.v.*.*.*.-  w  \- 

■  ’  1  *  *  *  mm  "  >  *  '  •  >  ’•  *  ■  '  »  ‘  •  '  *  *  *  *►  *  m,  *  »  .  '  .  “  ,  ’.'**_*»  ’  *  ,  *•  ’  .  V  ' 
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and  therefore  i*®1  is  a  complete  metric  space. 

Thus  we  only  have  to  prove  that  if  s>r  +  r.,  the  injection  from  H®1 

an  1  S 

into  Hr  is  a  Hilbert -Schmidt  map.  Let  {e^  =  (1+X.)"S<|>..  be  a  CONS  for 

H  ,  then  {e  ®. ..«e.  }  .  is  a  CONS  for  H®1  and  using  (4.1.10) 

J1  Jn  s  J 

and  (4.1.6) 


I  lie, 


*j  H  ®n  r  ^  .  II  ej  II  r** '  II  ej  II  r 
n  r  Jr.On=l  Jn  r 


■  1  •  ,)'2*-tux  52s IU  II2... II*.  II2 

V°n=1  1  n  1  Jn 


*.  I.  (  »  (i*»,  I2s)(  n  (i.x.  )2r).  (  i  (i*x  )2(s"r)™  se?<  •» 
h-"lnl  1=1  1  i=1  1  J*1  J 


Thus  the  injection  from  H™  into  H^1  is  a  Hilbert -Schmidt  map. 

Q.E .D. 

The  next  proposition  will  be  useful  in  studying  multiple  Wiener  inte¬ 
grals.  It  gives  the  n  tensor  quadratic  form  of  a  continuous  positive  def¬ 
inite  bilinear  (c.p.d.b.)  form  on$x$. 


Proposition  4.1.2  Let  Q(*,*)  be  a  continuous  positive  definite  bilinear 
form  on  $  *  $ .  Define 


(4.1.12) 

Then  Q®1 

.  ®n  . 
on  v  x  9 


®n, 

Q  (V1®...«P11,  Hi®...®^)  ■Q(Vi,ni)...Q(H»n»nn)  €*. 

can  be  extended  to  a  continuous  positive  definite  bilinear  form 
®n 

.  Moreover,  there  exist  02 >  0  and  r2 >  0  such  that 


(4.1.13)  Q®"(n,n)  s  ejllnll2^  net*1. 

r2 

Proof  The  first  part  follows  as  in  the  construction  of  a  tensor  product 
inner  product  (see  Proposition  1,  page  49  of  Reed  and  Simon  (1980)).  To 


prove  (4.1.13),  since  Q  is  a  c.p.d.b.  form  on  $  by  the  nuclear  theorem 


there  exist  02>  0  and  ^ >  0  such  that 

Q(<i>,4>)  *  e  \\t\\2  <p e  i  . 

r2 

Then  using  (4.1.12),  for  tjK  e  $  i=l,...,n 

Q®n(^1«...«ipn,  ^®...»^)S0J  ||  2m 

r2 

and  (4.1.13)  follows  from  the  extension  of  Q®”. 

Q.E.D. 

We  finish  this  section  by  showing  how  the  nuclear  spaces  S(JR^)  and 
S(/Z **)  may  be  obtained  in  the  framework  of  Example  4.1.1. 


Example  4.1.2  (S(IRd))  (Ito  (1978a)).  Let  HQ*L2(lR,m),  m  Lebesgue  mea 
2  2  2 

sure  in  IR ,  -L=  d  /dx  -  x  /4  be  the  harmonic  oscillator  (Reed  and  Simon 

(1980)),  Left  =  Ad>  n=l,2, ...  where  (<f>  }  are  Hermite  functions,  X  =  n  - 
n  n  n  n  n2i  n 

n  2  1 


<Dk+lW  =  (gW)*5  hk(2"lsx)(2kk!(iT)'!s)",S  k 2  0 


-h  -x  72 

g(x)  =  (2tt)  e  '  and  h^  are  Hermite  polynomials  defined  by 


2  -x 

.  ,  .  -k/2  k  x  k  (e  )  .  _  .  , 

hk Cx)  =  (-1)  e  d  — k»0,l,2, ... 

dx 


Then  (see  Ito  (1978a))  r^  =  1,  0^  =  V2  and  $  as  defined  in  Example  4.1.1 
is  the  space  S(IR)  of  rapidly  decreasing  functions  on  IR ,  with  the  topology 
defined  by  the  family  of  Hilbertian  norms 


p  =  Io(n+Js)2p  «f>»<J>n>o  p2  0,  «|>,())n>0= /^<Kx)4)n(x)dx  . 


In  a  similar  fashion  Ito  (1978a)  constructs  the  space  S(1R  )  ds  1 

®d 

which  can  be  seen  as  the  d-fold  tensor  product  nuclear  space  (S(IR)) 


Example  4.1.3  (S(£  )) .  Let  Hq=  S-2  be  the  Hilbert  space  of  all  real  se¬ 

quences  x  =  (xn)  such  that  In=lXn  <  °°’  Lx=  ^nxn^*  ^en  \i*  n  Ven 
where  {en)nil  is  the  canonical  basis  in  Thus  rj  =  1,  0j  =  n/6  and  the 

space  $  defined  by 

00 

oo  _  9P  . 

$={xeR  :  (n+1)  x  <»  allP^O} 

n-1  n 

and  topologized  by  the  family  of  Hilbertian  norms 

II  x ||  p  =  I  (n+l)2V  P^O 

F  n=l  n 

is  the  space  S(£)  of  all  rapidly  decreasing  sequences.  The  space  S(£^)  may 
be  constructed  as  the  d-fold  tensor  product  nuclear  space  of  S(£) . 

4.1.2  <E» -valued  Wiener  process 

Throughout  this  section  we  assume  the  hypotheses  and  notation  of 
Example  4.1.1.  Let  (fl,F,P)  be  a  fixed  but  arbitrary  complete  probability 
space.  All  4>' -valued  random  elements  and  -valued  stochastic  processes 
considered  in  this  section  are  defined  on  this  probability  space.  We  de¬ 
note  by  8(4>')  the  o-field  on  generated  by  the  sets 

E,  „  =  {£e  $>'  :  5(4>)  <  a}  ae  R  ,  <f>e  $ 

<p,a 

which  is  the  a-field  generated  by  the  open  sets  in  the  weak  topology.  Mea¬ 
sures  on  $ ' ,  4>  ’ -valued  random  elements  and  $ ' -valued  stochastic  processes 
are  defined  with  respect  to  the  a-field  8(4>').  Thus  a  mapping 

Xt(w):  [O,«0  *  n  -*•  #' 


is  a  -valued  stochastic  process  if  and  only  if  Xt(*)[4>]  is  a  real  valued 
stochastic  process  for  all  • 
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A  ♦'-valued  stochastic  process  (X.)  t £  0  is  called  an  H  -valued 

t  -r 

process  if  for  every  ts  0  is  an  H  r~valued  element. 

From  now  on  we  will  write  IR  +  *  [0,°°)  and  A=  8(11  +)  will  denote  its 
Borel  sets. 


Definition  4.1.1  A  sample  continuous  ♦'-valued  stochastic  process 
W  =  (wt)tejR  defined  on  (Q, F,P)  is  called  a  (centered)  ♦'-valued  Wiener 
process  with  covariance  Q(*,*)  if 

b)  W  has  independent  increments. 

c)  For  each  <j>  c  ♦  and  t^O 

E(e  )  =  exp(-t/2  Q(<J>,«) 


where  Q(*,*)  is  a  continuous  positive  definite  bilinear  (c.p.d.b.)  form 
on  ♦ x  ♦. 

From  the  above  definition  we  see  that  the  system 
{Wt[<J>];  <J) e  ♦ , t>0} 

is  a  Gaussian  system  of  random  variables  and  that  if  <j>,  the  real 

valued  processes  Wt[<j>]  and  are  independent  on  non-overlapping  in¬ 

crements.  Moreover,  for  each  <j>,  if/e^and  s,  te  1R 


E(Ws[<J>}Wt(y])  =  min(s,t)  Q(<f>,i|0. 

If  Q(»,*)  =  <»,*>Q,  following  Ito  (1978a),  may  be  called  a  standard  ♦  '- 
valued  Wiener  process.  If  Q(*,  •)  =  <*»  *>r  for  some  re®,  then 
the  system  of  eigenvectors  of  the  generator  L,  diagonalize  Q  (see  (4.1.10)) , 
In  general  we  will  not  assume  that  Q  is  diagonalized  by  the  system 


i ' .  *  *  • , » . » , 

•*Vw  -N  .V'  V 


Several  examples  of  $' -valued  Wiener  processes  with  different  covariances 
Q  are  presented  in  Section  4.1.3. 


The  existence  of  a  $' -valued  Wiener  process  with  an  H 
sion  is  now  established. 


continuous  ver 


Theorem  4.1.1  Let  (Y(t,<j>)  : <J> e  $,  te  R+}  be  a  centered  Gaussian  system  of 
random  variables  such  that 


E(Y(t,<J>)Y(s,iJO)  =  min(s,t)Q(<J>,i|0  4>,  ipe  4>,  s,  tc!R  + 

where  Q  is  a  c.p.d.b.  form  on  $  *  4>.  Then  there  exists  a  4>'-valued  Wiener 

process  (W^)  te  R+  with  c.p.d.b.  form  Q  such  that  Y(t,<fr)  =  Wt  [$]  a.s.  for 

all  <be  te  1  .  and  W  has  an  H  -valued  continuous  version  for  some 
+  t  -q 

q  >  r,  +  r  ,  where  r„  is  such  that  for  some  9. >  0 
M  1  2  2  2 

(4.1.14)  Q(<M)  *  e_||4>  (|  J  V  <f>e  $  * 

z  r2 

Proof  Using  the  bilinearity  of  Q,  for  t£0  fixed  and  Cj,c2e  JR, 

<J>j,<t>2e4>  we  obtain  that 

ECY(t,c1<J>1+c2«J>2)  -Yft.c^p  -Y(t,c^2))2  =  0  . 

By  the  Kernel  theorem  for  CHNS's  (Gelfand  and  Vilenkin  (1964)),  there  exist 
02 >  0  and  an  integer  r2 >  0  such  that  (4.1.14)  is  satisfied.  Therefore 

(4.1.15)  E|Y(t,4>)|2  s  0  tj|4>  II  2  <f>€*  . 

r2 

Fix  t  throughout  the  argument.  Then  Yt:  <f> -+-Y(t,4>)  is  a  bounded  linear  oper 

ator  from  the  pre-Hilbert  space  (4>,||,||  )  into  L  =  L  (ft,F,P)  and  hence 

12  2 

extends  uniquely  to  a  bounded  linear  operator  from  H  into  L  ,  denoted 

r2 

also  by  Yt. 

'Cr.+r  )  „  -(r.+r  ) 

Let  {(1+X.)  4  be  a  CONS  for  H  .  Write  4>.  «(1+X.)  <f> 


jil  and  let  be  a  CONS  for  H_(r  „  j  dual  to  i  e' 

=  V  Setxj  =  Y(t,*.).  Then  from  (4.1.15) 

eC  l  (xV)se2tI  HO 2  >e2t  l  cuxj)  l  =  81e2t>o. 

j=l  r  j=l  J  2  3  =  1 

Next  let  Q.  =  (we  0:  I  (X J (w) ) 2  <  “} ,  then  P^)  =  1-  Define 
1  3=1 


a. 


l  xj(u))f.  we  a. 
j=i  ] 


Then  for  each  t  >  0  V»t(w)  £  =  H_  a.s.  for  q  >  Tj  +  r2  and 


:||Ntl|2  =E(  l  (xj)2)  a  V2t. 

H  j  =  l 


Next  for  <J>  e  H 


00  00  . 

(4.1.16)  W  [<J>]  =  l  Xj(a))f.  [<fr]  =  l  Xj  <Mj> 
*-  j  =  l  J  j=l 


and  for  0  s  s  £  t 


wt[4>]-ws[<j>]  =  ^  (xJt-xJs)  «Mj>q  • 
But  E(xj-  XJs)2=  (t-s)Q(^,^)  =  (t-s)(l+Xj) 


-2(r1+r2) 


-2(r.+r  )  2 

5  (t-s) (i+Xj)  1  2  e2||o>.|i;  =e2(t-s)(i+x.) 


E||W-W  II2  =  E  sup  |wtM-ws[*]r 
1  s  q  II  *11, si 


«  E  SU1 

IUI 


if 


e(  l  (xj-xV)  *  e2(t-s)  l  Ci+x.)  1  =  0201(t-s)<® 
j=l  *  3=1 


8  t — 5  H 


Thus 


(4.1.17)  EH  VWsH  -q  ^  9102|t-sl 

and  applying  Kolmogorov  continuity  theorem  we  have  that  there  exists  an 
H  -valued  continuous  version  of  (Wt)  tc  IR  +  for  qi^  +  r^. 

Q.E.D 

Corollary  4.1.1  If  (W^)  t.  e  ]R  +  is  a  standard  ^'-valued  Wiener  process, 

then  it  has  an  H  -valued  continuous  version,  where  r,  is  as  in  (4.1.4). 
“rl  1 

Proof  Since  for  a  standard  <J>' -valued  Wiener  process  Q(*,*)  =  <*,*>0, 

then  we  have  equality  in  (4.1.14)  with  9- =  1  and  r  =  0. 

Q.E.D 

If  (Wt)  t>0  is  a  ^'-valued  Wiener  process  with  c.p.d.b.  form  Q  on 

<J>  x  <j>,  then  W(t,4>)  =  Wt  [<j>]  is  a  centered  Gaussian  system  and  therefore  by 

the  last  theorem  W^  has  an  H  -valued  continuous  version,  also  denoted  by 
t  -q 

W^.,  for  q  >  Tj  +  r2- 

Assumption  4.1.2  From  now  on  we  will  assume  that  (Wt)  te  1R+  is  a  <J>'- 

valued  Wiener  process  with  c.p.d.b.  form  Q  on  4>x  4>  and  an  H  ^  continuous 

version  for  qir^+  r^,  given  by  Theorem  4.1.1,  where  r ^  and  ©2  are  as  in 

W 

(4.1.4).  Moreover,  assume  that  for  each  t>0  Ft  =  o(Wg  [4>] :  0  <  s  <  t ,  4>  c  $  ) 
with  Fq  containing  all  P-null  sets  of  F. 

w 

Lemma  4.1.2  Let  q^r^^.  Then  for  each  <f>e  [4>] , F^)  is  a  contin¬ 

uous  martingale  with  quadratic  variation  process 

(4.1.18)  <W (4» ] >t  =  tQ  (4>, 4>)  t>0. 

Moreover,  the  cross  predictable  quadratic  variation  of  [d>]  and  Wt[tJ>]  for 


(4.1.19)  <W[4>]  ,W[4»]>t  =  tQ  C0,^») 


t  >  0. 


Proof  The  martingale  property  follows  since  (W^) t>Q  is  a  -valued 
process  with  independent  increments  and  for  and  ti  0  E(Wt  [<{>])  =  0. 


Next  since  for  each  ts  0 


<W[<j)],W['4;]>t=  i  {<W[<{»]+W^],W[0]+Wm>t 
-  <w[4>]>t -  <W [ip] >t > 

then  we  only  have  to  prove  (4.1.18).  But  from  (4.1.16)  since  Q  has  a 
continuous  extension  to  H  *  H  for  qs  r^+  r^  (see  Proposition  4.1.3)  if 


4>e  H  then 

q 


oo  oo 

E(w  [4>])2=  l  l  «M->  «M  >  E(xjxh 
j=l  k=l  3  q  k  q  1 

OO  OO 

*  t  l  l  «M.>  <♦,£  >  Q($.X)  =  tQ  (<t>,4>) 
j=l  k=l  3  q  K  q  3  K 

and  hence  E((Wt  [())]- Ws  [<{)])  2  |  F^)  =  (t-s)Q(<J>,<t>)  s<t  <J»  e;  . 

w 

For  <J>eH  q^Tj+r^  CW^  [4>] , F^)  has  a  continuous  version  since  from 


Theorem  4.1.1  Vtf  has  an  H  -continuous  version, 
t  -q 

Corollary  4.1.2  Let  (wt)t>g  a  -valued  Wiener  process  with  a 
c.p.d.b.  form  Q  on  $.  Then  if  qs  r^  + 


Q.E.D. 


E(Wt  [d>]Ws  [4>3)  =  min(s,t)Q(<t>,iJ>) 

where  Q(4>,^)  e  is  a  c.p.d.b.  form  on  H^kH^  that  extends  the  c.p.d.b 
form  Q  on  <J>*  $. 


Proof  It  follows  from  the  proof  of  the  last  lemma  by  observing  that  if 


E(Wt[<D]Ws[<J,])  =  E(Ws[^]E(Wt [ct>]  IF"))  =  E(Ws[<J>]WsM) 
=  i  {E(Ws[^])2  -  E(WS[4>])2  -  E(Ws[^])2}. 


Q.E  .D. 


We  now  consider  several  concepts  associated  with  a  -valued  Wiener 
process  (Wt)  t>0  with  a  c.p.d.b.  form  Q  on  $  and  an  H  continuous  ver 
sion  for  q>  ^  +  r2> 

Rigged  Hilbert  space  associated  with  a  -valued  Wiener  process  Let 


(W^j  t  >  0  be  a  -valued  Wiener  process  with  a  c.p.d.b.  form  Q  on  4>x  4>. 
Then  Q  is  an  inner  product  on  4>*  $.  Denote  by  Hq  the  completion  of  <1>  with 
respect  to  Q  and  by  <»*»>q  or  Q(*»*)  (II*  ||  q)  the  corresponding  inner  prod 
uct  (norm)  on  H  .  Then 

q 

(4.1.20)  C  Hg  C  C  H  s  C  s*r2  ' 

The  system  (4.1.20)  is  called  the  Rigged  Hilbert  Space  (see  Gelfand  and 
Vilenkin  (1964))  associated  with  the  ^'-valued  Wiener  process  (W^)  t>0 
with  c.p.d.b.  form  Q  on  4>x  $. 


Proposition  4.1.3  a)  For  s  £  ^  and  <f>  e  Hg 


(4.1.21)  Q(4>,<J>)  <  0  ll4>  || 


2  11  "  s 


and  therefore  (4.1.20)  makes  sense,  and  Q  has  a  continuous  extension  to 


H  *  H_ . 
s  s 


b)  For  s >  Tj +  the  injection  of  Hg  into  H^  is  a  Hilbert -Schmidt  map. 


Proof  a)  From  the  Kernel  theorem  (see  (4.1.14)) 


Q(<M)  s  02||4»  II  V  $ 
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Next  if  il)  e  H  since  $  is  dense  in  H  there  exists  a  sequence  {Ui  }  in  $ 
s  s  n 

2 

such  that  ii»  -*■  iIj  in  H  .  Then  Q((j>  ,ij>  -i|>  )  s  0.  lU  II  -*•  0  which  im- 
rn  r  s  x  n  rm  n  m  2l,Tn  m"  s 

plies  that  Q(i|»n,i|in)  -*■  Q ( ip , n-*10  and  then  (4.1.21)  follows. 

b)  Let  {<}>.=  (1 -*•  X . 5* s <f> .  } -  ,  be  a  CONS  for  H  ,  then 
3  333 s 

00  00  oo 

l  QU-V  -  I  I  (i+x.)”2s ||<j> .  ||  2 

j=l  J  3  j=l  3  33  J=1  3  3  r2 

«  -2(s-r_) 

-  £  Vl  <  " 

and  then  the  injection  of  Hg  into  is  a  Hilbert -Schmidt  map  for  sirj  +  r2 

Q.E.D 


In  a  similar  way,  for  each  nil  the  Rigged  Hilbert  Space 


c  H®°  c  Hf1  =  DC)  '  c  (0®°)  • 
S  Q  Q 


may  be  constructed  where 


Q^Cn,  n)  <  02i|n  ||  m 

s 


ne  H 


an 


sir. 


and  the  injection  from  Hs  into  Hq  is  a  Hilbert -Schmidt  map  for  si  Tj  +  r2< 

Wiener  integral  and  the  Gaussian  space  H  of  Wt  Let  C  =  C( [0,°°)  •+•  $)  be  the 

linear  manifold  of  all  measurable  step  functions  on  IR+  with  values  in  <t>, 

i.e.  fc  C  iff  there  exists  a  finite  collection  of  positive  real  numbers 

0  =  t  <  t,  <  t-  <. . .  <  t,  and  a.  e  $  i=l, . .  .,k  such  that 
o  1  2  k  l 


(4 


.1.22)  f(t)  =  l  a.  lf  ,  ,(t). 

i=l  1  1  i-l' V 


For  f c  C  define  the  Wiener  integral 


I ,(f)  -  1  (Wt  -  W  )[<*]. 

1  i*l  l  i-l  1 


(4.1.23) 


Then  IjC*)  has  the  following  properties. 

Lemma  4.1.3  Let  f,  g e  C.  Then 

a)  Ij(cf)  =  cljff)  ce  1R  . 

b)  Ij(f+g)  =  Ij(f)  +  IjCg)  . 

c)  ECIjCf))  =  0. 

d)  E(I. (f) I. (g))  =  /  Q(f(t),gCt))dt  . 

11  TR 

+ 

e)  E(I.(f))2  =  /  ||  £Ct)  ||  q  dt  . 

]R  y 

+ 

proof  (a)  and  (b)  are  proved  as  in  the  real  valued  case  using  the  fact 
that  for  each  t>0  e  $>' .  The  proof  of  (c)  follows  since  E(Wt[<J>])  *  0 
V  <J>e  <t>  and  tsO.  To  prove  (d)  write  A^  Cti_1  *'ti]  and  WCAj)  «  Wt  -  ^ 

Then  if 

k 

f(t)  *  l  a  1A  (t) 
i=l  i 

and 

k 

g(t)  =  I  B.  1.  (t) 
i=l  1  i 

for  0<.  t  <  t.  <...  <  t.  ,  a.,  8.  €  <i>  i=l,...,k,  by  definition  of  I . 

O  1  K  1  l  A 

k 

l,(£)  =  Z  WCA  )  [a  ] 

1  i=l 

k 

I,  (g)  =  l  W(B  )  [Ot  ]  • 

1  i=l  1  1 

Them  if  ra(*)  denotes  the  Lebesgue  measure  on  (1R+,8(F+)) 

k  k 

E(I.  (f)  I.  (g))  =  l  l  E(W(A.)  [a  ]W(A  )  [8.  ]) 

11  i=l  j=l  J  J 

*  l  I  m(A.nA.)Q(a.,6.)=  l  l  / 


K  K 

■  /  QC  I  a  1  (t),  l  6.1  (t))dt  *  /  Q(f (t) ,g(t))dt 

R  +  i=l  1  Ai  j=l  3  j  R  + 


which  proves  (d)  and  (e) . 


Q.E.D. 


To  extend  I ^  to  L  (1R  +'v  H^)  we  first  prove  the  following  result,  where 

2 

L  (R  +-*  Hq)  is  the  Hilbert  space  of  H^-valued  measurable  functions  f  on 
1R+  (identifying  those  which  are  equal  a.e.  dt)  such  that 

/  Hf(t)|lo  dt  <  «  . 

1R  ** 

+ 

2 

Lemma  4.1.4  C  is  a  dense  linear  manifold  in  L  ( 1R  -*■  H_)  . 

-  +  Q' 

Proof  Let  fe  L2(1R+-*-  Hq)  ,  then  for  each  e  >  0  there  exists  an  H^-valued 
step  function  fe,  i.e. 


fE(t)  -  I  a.l,  (t) 
ial  i 

ai e  Hq»  i,t:i^  **!»•• •»*  Os  t0<  li  <* *  tj( 

(4.1.24)  /  ||f(t)-fe(t)||2  dt  <  e/2. 

1R  ^ 


Since  $  is  dense  in  H^,  there  exist  e  $  i*l,...,k  such  that 

^  ai~  “i^  Q  <  2k(tt  -  t“  ^ 


k  s  1 ,  such  that 


Define 


g£(t)  =  l  a.lA  (t) 
i=l  i 


then  g  e  C  and 

I  II  f£(t)-ge(t)  ||  2  dt  <  e/2  . 

1R  * 

+ 

Then  from  the  last  expression  and  (4.1.24) 


/  ||f(t)-ge(t)||2  dt  <  £ 
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2  2 

i.e.  C  is  a  dense  linear  manifold  in  L  (1R++  H^)  *  L  (1R+)®Hq. 


O.E.D. 


The  Gaussian  space  (linear  space)  associated  with  the  -valued 
Wiener  process  Wt  is  defined  as 


(4.1.25) 


H-  L1(W)  *  sp{Wt  [4>J :  $£$,  t  *  0} 


where  the  closure  is  taken  with  respect  to  L^(f2,F^,P),  where  F**  =  F*.  From 


Proposition  7.3.  in  Neveu  (1968) 


(4.1.26) 


where 


L2(n,Fw,p)  s? 


rij(exp  a(h))  =  exp(h-E(n))  he  H  and 

exp  ®(h)  *  (l,h,  —  h®2,  —  h®\...) 

/2l  SsT 

as  it  was  shown  in  Chapter  III  (see  also  Kallianpur  (1980)  Chapter  VI) 

2  jy 

Then  for  all  n z  0  H  may  be  seen  as  a  closed  subspace  of  L‘  ‘•(fi.r.P). 
This  fact  will  be  used  in  Sections  5.1  and  5.2  together  with  the  next 
definition. 


Definition  4.1.2  Lemma  4.1.3  shows  that  Ij  is  an  isometry  from  the  linear 

space  C  of  -valued  step  functions  into  H.  Hence  from  Lemma  4.1.4  this  iso- 

2 

metry  can  be  extended  uniquely  to  an  isometry  from  L  (TR H^)  onto  H,  also 
denoted  by  Ij  and  called  the  Wiener  integral.  It  has  the  properties  (a) -(e) 
of  Lemma  4.1.3. 


-valued  Gaussian  random  measure  Let  T*  IR+  and  A  =  B(R+)  .  A  4' -valued 
set  function  W(*)  on  (T,A)  is  said  to  be  a  4>*  -valued  Gaussian  random  mea¬ 


sure  if  for  each  <pe  4>,  W(*)  [<J>]  is  a  real  valued  Gaussian  random  measure  on 

2 

(T,A) .  For  re  IR  we  denote  by  L  (ft->-Hr)  the  Hilbert  space  (identifying 


1  •  *  •  "  •  *  »  *  ^  %  ■  V  ' 

*  v*  •. *  v*  '/O  C  “ 


elements  which  are  equal  a.e.  dp)  of  Hr-valued  random  elements  6  such 
that  E||g||2<«. 

Proposition  4.1.4  Let  (W^)  t  >  0  be  a  -valued  Wiener  process  as  in 
Assumption  4.1.2.  Define  for  A=  (s,t]  0<s<t 


W(A)  =  Wt  -  Ws 


Then  W(*)  can  be  extended  to  a  -valued  Gaussian  random  measure  on 


2 

(T,A),  which  is  an  orthogonally  scattered  measure  in  L  (ft-+H  ),  for 

-q 


q>Tj+r2»  and  control  measure  U(  *)  a  9qi®(  *)  where  m  denotes  the  Lebesgue 
measure  on  (T,A)  and 


uo 

e  =  I  &+Xj~2q  <  •  . 


j=l 


y  r 


Moreover,  if  Ae  A  m(A)  <  «°  and  <j>e  H^,  W(A)  [<J>]  e  H,  and  if  B  e  A  m(B)  <  » 


then  for  all  <j>,  tj>€  H 


(4.1.27) 


E(W(A)  I4»]W(B)  [*])  =  m(AnB)  Q  . 


Proof  From  Theorem  4.1.1  (W^).  „  has  an  H  -valued  continuous  version 
- ~ ~~~  t  tc  l  -q 


for  qstrj+r^  Let  {(1+X .)q<J> . } W>1  be  a  CONS  for  H  .  Then  if  A=  (s,t], 

—  j  j  q 

W(A)  =  W  -  W 
t  s 


E  ||  W(A)  ||  *  =  E(  l  (l+Xj)  2q  <W(A)  ,  <£.  >*  ) 

"4  J  “4 

CO  CO 

=  l  (1+X.) -2qE(W(A)  [<j>. ]) 2  =  l  (UX  )-2qm(A)Q  (♦,. ♦,). 
j=l  J  J  j=l  J  J  J 


Let 


w 

0  =  l  (1+X.) ~2q  Q(4>.,4>.) 

q  j=i  j  7  i 


then 


<30  CO 

e  *  l  U+xj'2q  e  ||  <j)  ||2  *  e2  l  (i+Xj) 

q  j=l  J  1  3  r2  >1  J 


-2(q-r2) 


s  9^  < 


El! W(A)||  * 


and  hence 


0  m(A)  =  y(A) . 
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Thus  W(*)  can  be  extended  to  an  orthogonally  scattered  measure  on  (T,A) 

2 

with  values  in  the  Hilbert  space  L  (Q-*-H  )  and  control  measure  p(*)  =  0^m(»). 

Next  if  Ac  A  m(A)  <  00  and  {An)nSl  is  a  sequence  of  disjoint  sets  in 

A  with  m(A„)  <  »  all  n  >  1  and  A  =  U  A  ,  then  for  all  <Pe  H 
n  n=l  n*  q 

H(W(A)  [4>3  -  l  W(A.)  [<J>])2s  ||(j>  j|2E||W(A)  -l  W(A  )||2 -0  as  m-» 
j=l  J  q  j  =  l  n  *q 

i.e.,  W(-)  [<j>]  is  a  real  valued  Gaussian  random  measure  with  values  in  H. 

Let  {Jj-  (l+\j)  -q  <^}  be  a  CONS  for  H^.  Taking  Ac  A,  m(A)  <  «>,  W(A) 
and  using  a  similar  argument  to  the  one  used  in  the  proof  of  Theorem  4.1.1 
one  shows  that  W  is  a  $' -valued  Gaussian  random  measure.  Finally,  (4.1.27) 
follows  by  applying  the  approximation  theorem  to  A,  Be  A,  m(A)  <  °°,  m(B)  <  ® 
and  using  Corollary  4.1.2. 

Q.E.D. 

Now  let  T*  [0,TqJ,  Tq  >  0  and  A*  8(T)  .  For  qir^^  let  {e^}^ 
be  a  CONS  for  H^.  Then  from  the  above  proposition  we  are  able  to  obtain 
an  infinite  system  of  independently  scattered  Gaussian  random  measures 
{W( •) [e^] on  (T,A)  with  values  in  H,  that  are  mutually  independent 
over  disjoint  sets,  each  one  with  control  measure  uk(*)  =  m(*)Q  Ce^.e^) 
and  such  that  for  all  k,j  2  1  and  A,  Be  A. 

(4.1.28)  E(W(A)[ek]W(B)[e.])=  ra(AnB)  Q  (e.,ek). 

Then  for  each  set  of  index  k^,...,kn  in  {1,2,...}  we  may  construct 

the  symmetric  tensor  product  measure  of  W(*)[ek  J, . . . ,W(») [ek  ],  denoted 

K1  n 

n 

by  ®  W[e.  ],  as  in  Sections  2.2  and  3.1  of  this  work,  and  construct  multi- 
i=l  i 

pie  integrals  with  respect  to  it.  In  the  next  result  we  summarize  the 

n 

main  properties  of  9  W[e  ]  and  their  integrals.  It  will  be  used  in 

i=l  *i 
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Propositions  5.1.3  and  5.1.4. 

Lemma  4.1.5  Let  T=  [0,Tq],  Tq  >  0,  A  =  8(T)  and  ft  be  the  Gaussian  space 

defined  in  (4.1.25).  For  q^r^^  let  be  a  CONS  in  H  .  For  a 

n  ^ 

finite  collection  of  index  k.,...,k  in  (1,2, ...}  denote  by  ©  Wfe,  ] 

1  n  i=l  ki 

the  symmetric  tensor  product  measure  of  W(  •)  [e.  ]  , . . .  ,W(»)  [e.  ]  given 

1  kn 

by  Theorem  2.2.1.  Then 


a)  ©  W[e,  ]  is  an  H^-valued  measure  on  (Tn,An) . 
i=l  xi 

n 

b)  E(  ©  W[e^  ](A))  =  0  for  each  Ae  An. 

i=l  Ki 

n 

c)  A  function  f:  Tn->-  IR  is  ©  W[e.  ]-integrable  (see  Definition  2.3.1) 

•  i  K . 

1=1  1 

2  n  On  ^ 

if  and  only  if  f e  L  (T  ,An,in  )  .  Denote  by  /  f(t)d  ©  W[e.  ] ( t)  this 

Tn  i=l  ki 

integral . 

d)  Let  fe  L^(Tn,An,m*n)  and  g€  L2(TA,A^,m®^)  . 


Then  for  each  collection  of  index  kj,...,^  in  {1,2,...} 

n  £ 

E(/_f(t)d  ©  W[e.  ](t)  /jg(t)d  ©  W[e  ](t)) 

Tn  “  i*l  h  T*  i=l  ki  " 

I  ,n!  Q®n(e  ®...«e  ,e  )  /  f(t)£(t)dt 

nlL  h  kl  n  Tn  “  ”  _ 


*  5. 


where  f(t)  =  — r 
—  n! 


lHh). 


Proof  Since  for  each  ki  1  W(»)  [e^]  is  a  zero  mean  H-valued  indepen¬ 

dently  scattered  measure  then  (a)  follows  by  using  Theorem  2.2.1.  The 
proof  of  (b)  follows  since  H®1  is  orthogonal  to  sp{l}  in  L2(fi, F^.P)  and  by 
using  (a).  Next  since  Mjc(,)  =  m(*)Q  where  m  is  the  Lebesgue  mea¬ 

sure  on  (T,A) ,  the  proof  of  (c)  follows  by  Theorem  2.3.2. 

Finally,  the  proof  of  (d)  is  similar  to  the  proof  of  Theorem  2.3.3, 


first  using  An-simple  functions  and  then  using  approximation  arguments. 

Q.E.D 

If  Tq=  1  and  a11  ks  1,  {#(•)  [e^]}^  is  a  sequence  of 

orthogonally  scattered  measures  in  H  of  the  kind  considered  in  Theorem 

oo 

2.1.4.  Then  we  can  construct  the  infinite  tensor  product  measure  •  W[e,  ] 

k=l  K 

on  (T00,A00,m0<,)  with  values  in  e  H,  u*  (W(T)  [e.  ]  ka  1)  (see  Theorem  2.1.4) 

i=l 

However,  the  construction  of  the  infinite  symmetric  tensor  product  mea¬ 
sure  is  a  problem  that  remains  open. 

4.1.3  Examples 

We  now  consider  some  examples  of  4' -valued  Wiener  processes. 

Example  4.1.4  (Kallianpur  and  Wolpert  (1984)).  Let  4  be  defined  in 

2 

Example  4.1.1  where  Hq  *  L  (X,dr)  for  T  a  a-finite  measure  on  (X,E). 
Let  y  be  a  a-finite  measure  on  JR  x  X  such  that  the  bilinear  form 

Q(4,'W  =  /  a24(x)4(x)y(da,dx) 

IR  x  X 

on  4x4  is  continuous.  In  connection  with  neurophysiology  applications 
Kallianpur  and  Wolpert  (1984)  give  several  examples  of  Q  in  which  the  mea 
sure  y  is  of  the  form 

y(A x  B)  =  fl.(a*)v*(B)  ♦  ]Pl.(-af)vf(B)  Ae8(lR),  B  c  E 
k=l  A  e  e  A  11 

k  k  k  Z 

where  (a  ,a.}  are  positive  real  numbers  and  {v  .v. }  are  finite  measures 
e  l  r  e  i 

on  (X,  E).  The  authors  consider  a  W.  path- continuous  4' -valued  indepen¬ 
dent  increments  process  with  characteristic  functional 

iW  .[4]  itm[$]-ltQ(<M) 

E(e  )  =  e 


<()  e  4,  t  £  0 


where  me  .  Theorem  4.1.1  enables  us  to  construct  such  a  process  with 
continuous  paths  lying  in  H  for  any  q  £  if  m  and  Q  satisfy 

|m[<|»]  |2  ♦  Q(<t>,<j>)*9  2\\4\\l  *c* 

r2 

for  some  positive  constants  92  and  r2. 

The  continuous  positive  definite  bilinear  form  Q  on  $  is  not  neces¬ 
sarily  diagonalized  by  the  system  {ipj  K ^  of  eigenvectors  of  -L.  If  for 
example 

r(dx)  =  /  a2y(da,dx) 

IR 

2 

then  Q(<^,$j)  *  / a  <{k  (x)<Jk  (x)y(dadx)  *  0  for  i/ j;  but  in  general 
this  is  not  the  case. 

Example  4.1.5  (Ito  (1978a)).  Let  $  be  as  in  Example  4.1.2,  i.e.  $*S(IRd) 
da  1.  Ito  (1978a)  gives  the  following  examples: 

i)  The  Wiener  -valued  process  corresponding  to  Q1(<J>,i|))  a  <<J>,i|<>0  is 
called  a  standard  -valued  process  and  it  is  denoted  by  (b^)  ^  •  By 

Corollary  4.1.1  (b)  is  an  H_^-valued  Wiener  process,  since  for  the  Example 
4.1.2  Tj-1. 

d  2 

(ii)  Let  A  =  £  9.  and  define  Ab  »  Ab  [4>]  =  b  (A<j>) .  Then  W  =  Ab  is  an 
i  t  t  t  t  t 

H  2~valued  Wiener  process  for  which 


Q2(4>»40  ■  <A4>,Aif»0  <p,  Ve<P  . 

2  2  j 

(iii)  Let  lb^ ®  (b^jb^, . . .,bt)  where  the  component  processes  bt  i=l,...,d 
are  independent  standard  -valued  Wiener  processes .  Then 


is  an  H_j-valued  Wiener  process  with 
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Qj(<M)  *  -<A<K<J>>0  4>e  4> 

where  A  is  defined  in  (ii) . 

We  observe  that  while  is  diagonalized  by  Q2  aTK*  Q3  are 

not . 

Example  4.1.6  -valued  Wiener  processes  arise  in  a  natural  way  in  the 
following  manner.  Let  A  be  a  relatively  compact  subset  of  d  2  1 . 

Let  W(t,x)  te  T,  xc  A  be  a  two  parameter  sample  continuous  centered 
Gaussian  system  of  random  variables  such  that 

E(W(t,x)W(s,£))  ■  min(s,t)V(x,£)  t,  se!R  +  x,  jre  A 

where  V  is  square  integrable  over  Ax  A.  Define  for  s,  te  Jt  + 

W,[<J>]  =  /  W(t,x)4>(x)dx 

A 

for  ()»  in  a  suitable  class,  $=S(R<*)  for  example.  Then  from  Theorem  4.1.1 
we  have  that  {wt}teR  is  a  -valued  Wiener  process  such  that  for 
s,  t  e  1R+  and  4>,  \pe 

E(Wt[$]WsM)  =  min(s,t)Q  (<f>,iW 

where 

Q(4>»'W  *  /  /  V(x,^)4>(x)<))(^)dxd^. 

A*A 

is  not  necessarily  diagonalized  by  the  system  which  in  the  case 

of  is  such  that 

L  <Mx)<Mx)dx  =  0  for  i  f  j. 

1R  1  3 

Example  4.1.7  (Cylindrical  Brownian  motion)  Let  K  be  a  Hilbert  space, 
(ft, F,P)  a  complete  probability  space  and  an  increasing  family 


of  sub  a-fields  of  F.  A  measurable  mapping 


Bt(k,w)  =  [0,®)  x  K x  Ji  -+•  1R 

is  called  an  F  - cylindrical  Brownian  motion  on  K  (Yor  (1974))  (c.B.m.) 
if  it  satisfies  the  following  two  conditions: 

a)  For  each  ke  K,  k^  0,  B^. (k) / 1|  k||  ^  is  a  one  dimensional  Ft~Brownian 

motion. 

b)  Bt(k)  is  linear  in  ke  K. 

Two  well-known  observations  (Miyahara  (1981))  are  the  following: 

1)  A  c.B.m.  (B^)  cannot  be  regarded  as  a  process  on  K,  i.e.  it  is  not 

a  K-valued  process;  2)  if  k^  and  k2  are  orthogonal  elements  in  K,  then 

{B  .(kj) }  and  {B  .(k2) }  are  independent. 

Using  the  notation  of  Example  4.1.1  we  now  study  the  following  case 

considered  by  Miyahara  (1981).  Let  Hq  ■  L2([0,tt])»  L=oj,  =  /^A  where  A 

2 

is  the  Laplacian  (A=  d/dx  )  on  Hq.  Hence  for  j=l,2, ...  X^ =  j  and 

^(x)  =  J—  cos(jx)  . 

J  Y  77 

Then  construct  $  as  in  Example  4.1.1.  Miyahara  (1981)  considers  a  cylin¬ 
drical  Brownian  motion  Bt  on  Hq.  Then  (B^.  (<J>)  :  4>e$t>0}  is  a  centered 
Gaussian  system  of  random  variables  such  that  for  <p,  ip  e  and  s,  t  e  ]R 

EBt  BSC^)  =  min(s,t)  Q  (<j>,i|>) 

where  Q(4>» ip)  =  «P,ip>0  <P,  ipe  <P.  Then  r2  =  0  and  since 

l  (l+j)"2r  <  • 
j=l 

for  r > then  r1  *  i.  Thus,  applying  Theorem  4.1.1  there  exists  a 
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$' -valued  Wiener  process  W^  such  that 

Wt[4>]  =  Bt(<M  a.s. 


for  ts  0  and  <J>  e  <J> .  Moreover,  using  Corollary  4.1.1  W  has  an  H  .-valued 

t  -*5 

continuous  version. 


Note  that  in  this  particular  example  the  continuous  positive  definite 
bilinear  form  Q  on  $  is  diagonalized  by  the  eigenvector  system 


Example  4.1.8  (Independent  system  of  one  dimensional  Brownian  motions 
(Hitsuda  and  Watanabe  (1978))).  Let  4>  be  the  countably  Hilbert  nuclear 
space  defined  in  Example  4.1.3,  i.e.  4 >=  S(£)  .  Let  0  isl  be 

a  system  of  independent  one  dimensional  Brownian  motions  on  a  complete 

1  2 

probability  space  (ft,F,P)  .  For  <j>e  4>,  <J>  =  (4>  ,<f>  ,...)  define 


wtt4>]  =  i  b^v  . 

i=l  z 


Then  since 


E(  l  B^V)2  =  t  l  ((f)1)2  <  * 
i=l  Z  i=l 

00 

d>  ip 

~  i=l 


t>  0 


E(Wt[<j>]Ws [<{>])  =  min(s,t)  «f>,^>0 . 

Hence,  using  Theorem  4.1.1  Wt  has  a  version  which  is  a  S(£) -valued 
Wiener  process  with  c.p.d.b.  form  Q(*,*)=  <*,*>0.  Moreover,  using  Corol¬ 
lary  4.1.1  W^  has  an  H  valued  continuous  version. 


Example  4.1.9  (Finite  dimensional  case).  Suppose  4>  is  finite  dimension¬ 
al,  then  <J>  =  Hq  =  $'  =  IRra  say.  Then  (W^  , . . .  ,W^n^ )  ts  0,  where  each 
W^iJ  is  a  Gaussian  process  with  independent  increments  and 


E(W;  'WVJ')  =  r. .  min(s,t) 
t  s  13 


m 


where  R=  (r.  .)  is  an  raxm  positive  definite  matrix.  Then  if  4>=  £  4>^e., 


6.**  (|)  .  £  3R  3  ”1 1  •  •  •  jID 

3  j  3 

mm  -  . 

Q(4>,40  =  l  l  4>Vr.  .  . 

i=l  j=i 


j=l 


Stochastic  processes  of  this  type  have  been  considered  in  Chapter  III. 


4.2  Stochastic  integrals 

Throughout  this  section  we  will  assume  that  (W  )  t£0  is  a  4>' -valued 
Wiener  process  with  a  c.p.d.b.  form  Q  on  ♦,  defined  on  a  complete  prob¬ 
ability  space  (S1,F,P),  and  that  for  each  taO  Ft=F^=o(Ws:  0s:sSt;)> 
with  Fq  containing  all  P-null  sets  of  F.  Also  we  make  Assumptions  4.1.1 
and  4.1.2  of  Section  4.1.  We  recall  that  from  Theorem  4.1.1  (W^)  t£0  has 

an  H  continuous  version  for  q£  r,  +  r«. 

-q  ^  i  Z 

Stochastic  integrals  with  respect  to  S(lRa) '-valued  Wiener  processes 
and  E' -valued  (E  is  a  CHNS)  processes  have  been  discussed  in  I  to  (1978a) 
and  Mitoraa  (1981b)  respectively.  They  propose  to  use  the  theory  of  sto¬ 
chastic  integration  on  Hilbert  spaces,  as  presented  for  example  in  Kunita 
(1970)  or  Kuo  (1975),  to  construct  stochastic  integrals  for  the  H  valued 
Wiener  process  (Wt)  t£0.  Here  we  construct  "weak"  stochastic  integrals 
similar  to  the  case  of  a  cylindrical  Brownian  motion  as  presented  in  Yor 
(1974).  However,  we  do  not  work  with  a  cylindrical  Brownian  motion  but 
rather  with  an  H  ^-valued  Wiener  process.  Secondly,  if  {e^Jj^!  is  any 
CONS  in  Hq,  then  is  not  necessarily  a  system  of  independent 

random  variables  (see  Corollary  4.1.2),  as  it  would  be  required  in  the 
case  of  a  cylindrical  Brownian  motion  (see  Example  4.1.7).  Moreover,  we 
do  not  assume  that  the  common  orthogonal  system  in  H  ra  0  U.}.v.  (the 


eigenvectors  of  the  infinitesimal  generator  L)  diagonalizes  the  c.p.d.b. 
form  Q.  The  case  when  Q(*  ,*)  =  <*,  *>0,  and  then  {^^>1  diagonalizes  Q,  has 
been  considered  by  Daletskii  (1967)  and  Miyahara  (1981)  (see  Example  4.1.7). 
Never therless,  the  nuclearity  of  the  space  ($,||*  ||  r >  0)  enables  us  to  con 
struct  "weak"  integrals  even  when  {Wfc  [<|k  ]  is  not  an  independent  system 
of  random  variables. 

We  present  real  valued  (Section  4.2.1)  and  <J>'-valued  (Section  4.2.2) 
stochastic  integrals  with  respect  to  W^.  They  will  be  useful  in  Chapter  V 
in  studying  real  valued  and  -valued  nonlinear  functionals  of  W.  We  make 
extensive  use  of  the  c.p.d.b.  form  Q  on  4>  x  $  and  its  associated  Rigged  Hil¬ 
bert  Space  (see  (4.1.20)).  This  is  motivated  from  Definition  4.1.2  which 
2 

suggests  that  L  (1R+) ®  should  play  the  role  of  the  Reproducing  Kernel 
Hilbert  space,  a  concept  that  has  been  useful  in  studying  nonlinear  func¬ 
tionals  of  Gaussian  processes  (see  Chapter  VI  of  Kallianpur  (1980)). 


4.2.1  Stochastic  integrals  for  ^-valued  random  integrands  (Real  valued 


stochastic  integrals) 

The  aim  of  this  section  is  to  define  stochastic  integrals  for  <J>-val 
ued  non-anticipative  functions. 


Definition  4.2.1  Let  K  be  a  real  separable  Hilbert  space.  A  function 
f:  [O,00)  x  (1  -*■  K  is  said  to  belong  to  the  class  M(W,K)  if  f  is  an  f-^-adapted 
measurable  (non-anticipative)  function  on  1R  +  *  ft  to  K  such  that  for  each 


(  4.2.1) 


/  E 1 1  f  (s)  il  k  ds  <  00  • 
o 


The  special  classes  we  will  be  concerned  with  are  M  =  M(W,H  ), 

9  9 

q  ^  r.  +  r_  and  M  *=  M(W,H„) . 


Stochastic  integrals  for  elements  in  M 


Definition  4.2.2  Let  q2  r.  +  r„.  For  ge  M  and  t>  0  define  the  stochastic 

-  1  l  q 

integral  /C  <g  ,dW  >  as 
'o  s  s  q 


(4.2.2) 


/  <«»’dV,  "  i  <Ss-elVWsI*lJ 

«  i*l  o  n 


where  is  a  CONS  for  H  and  the  integrals  on  the  right  hand  side  of 

i  121  q 

A 

(4.2.2)  are  Ito  Integrals. 


Proposition  4.2.1  Let  geM  qir^+r^.  Then  the  integral  (4.2.2)  is 

a  well  defined  element  in  L  (Q,F  ,P).  If  q^2  r^+r^  and  ge  then  this 

integral  is  independent  of  q  and  q^.  Moreover  the  following  properties 

are  satisfied  for  f,  geM  . 

<J 

a)  For  a,  be  1R  and  t>  0 


J  <af  +bg  , dW  >  ■  a  j  <f  ,dW  >  +  b  j  <g  ,dW  >  a.s. 
J  8  &s  S  q  1  R  s  o  1  Ba  s  n 


s  s  q 


s  s  q 


E(  /  <g  ,dW  >  )  -  0  t>  0. 
'  °s  s  q 
o 


t.  t_  t  At 

E(  /  < gs»dWs>  J  <fa.dW  >  )  -  E  r  Q<Vgs)d8  h>0f  t2>°* 


d)  E(  /  <fg,dW >  r  -  E  /  Q(fg,f  )ds  ^  E  /  ||  f  ||  ds  <  »  . 

o  4  o  o  4 

t 

Proof  We  first  prove  that  for  t>  0  f  < g  fdW  >  is  a  well  defined  ele- 
-  *  i  6S’  s  q 

2  W  ^ 

ment  in  L ^(Q,F  ,P).  Let  {e.}..,  be  any  CONS  for  H  q2r+r..  Then  for 

i  121  q  1  / 

each  t  >  0 


g(t,w)  -  l  <g  (w),e  >  e 
j-1  J  4  J 


and  for  n,  m2  1,  using  Lemma  4.1.2 


E<  l  /  <g_.e  >  dW  [e  ])  - 
j«m  o  8  3  q  8  2 

n  n  t  t 

l  I  E(  /  <gD,e<>n  dWo[eJ  /  <g„,ek>q  dWje^) 


. “  '  °s *  j  q  slj J  ' 

j=m  k“m  o  J  M  J  o 


n  n  t 

l  I  E  I  <S0^A><g0,e.>n  Q(e.  ,e  )d8. 


j*m  k*m  o 


'j  q  &s*  k  q 


Then  since  Q  is  a  bilinear  form,  using  (4.1.21)  we  obtain 

(4.2.3)  E(  l  f  <gg,e  >  dWs[e  ])2 

j“Tn  o  J  J 

• E  l  q(X  vjL  'VV-.  Vds 

£92E]  "X'VVq'jHq4’ 

t  n  2 

■  0.  E  /  (  7  <g  ,e,>  )ds  (e ,'s  are  orthonormal) 

2  o  j-m  8  i  q  j 

-*■  0  as  n,m  ->  00  since  ge  M  . 

q 

Thus  /C  <g  ,dW  >  is  an  element  of  L2(fi,FW,P)  defined  as  the  L2(f2)~ 

Jo  °s  s  q 

limit  of  the  Cauchy  sequence  ,  ft<g  ,e>  dW  [e,]} 

n  ‘•j-l  Jo  s  j  q  sl  n^l 

The  next  argument  will  also  show  that  (4.2.2)  is  independent  of  the 

CONS  (e, in  H  .  Let  q.Jr  +r,  q..  £  q  and  {i|>.  ).>■.  be  a  CONS  for  H  . 

J  q  i  i  z  i  j  j2i  q^ 

Then  ||•||  £  II  •  II  5  II  •  II  ,H  cH^H  and  by  Theorem  4.1.1,  W.  has 

"  r2  q  ql  ^1  q  r2 

an  H  -valued  continuous  version.  Hence  using  Lemma  4.1.2,  if  ge  M  nM 
— q  qi 

E(ji  l  <8s'e:i\  ?  /  <e8-*j>,  dVfJ]>2  ' 

e<  J'&w,  v1I1<v*jNlv1!l<vvq  vXv*jVjj  ds) 


t  n 


s  e2E  /  H  l,  -£  'Wi  *jHq  ds 


• V »  O'*  -  ■ 


•  .  •  O  »  J  '  *  •  «  •  .  •  «  1 


-*■  0  as  n+®  by  dominated  convergence  theorem  since 


11  <v*JVj  'jL  <*.-Yil|q 


^ 2di  i <g.»*a>.I  *jl  +  ii  i< g.^vju 

ql 


J1  VT1V*"«'  "jtiVi,]”, 


2  .  5 


S  2<l1  j^V^Vj11,/  VJ  11  q  ’ 


*  2(11  gjl:  +  Hg.IL)  all  nil. 


's"  qx  "  ~s"  q 


Hence  the  integral  (4.2.2)  is  independent  of  q  and  q^. 

The  proof  of  (a)  follows  by  the  linearity  property  of  the  ordinary 
Ito  integral  and  the  proof  of  (b)  follows  since  for  each  ii  1 
E(J^<fg,e^>  dW^ [e^])  *  0.  The  proof  of  (c)  follows  by  using  Lemma  4.1.2: 


«  fl<vdV,  >  ■ 

o  M  o  ^ 

1  I «  *,[•,]  i2<VekV".|ei11 

j-i  k-i  o  8  3  q  8  3  o  8  k  q  8 

ji  Xs  ^V'jWW  <*j -V 


)ds 


t/t 

E  f1  Q(f  .g.)ds  t,,t,so. 


'1  2 


Finally  (d)  is  obtained  by  (c)  and  (4.1.21). 


Q.E.D. 


Proposition  4.2.2  Let  fcM^  for  qi  r^+r^  Then  the  real  valued  process 

{/t< f  ,dW  >  }._A  is  an  F  -martingale  with  associated  increasing  process 
o  s  s  q  t2U  t 


(4.2.4)  E  J  Q(f  »f  )ds  . 

s  s 


For  t€  T*  [0,T  ],  T  >0,  it  is  a  square  integrable  martingale  with 


a  continuous  modification. 


Proof 


For  t^O  and  {e  }  a  CONS  for  H  qir,  +  r,  let 
i  iai  q  1  2 


X  l  dMsied] 


and  for  n£  1  write  y”  ■  I?  n/t<f  »e.>  dW  [e.j. 

t  ‘•j-Po  s  j  q  sl  jJ 

In  the  proof  of  Proposition  4.2.1  we  have  shown  that  for  each  t>  0 

y”-*-Y.  in  mean  square.  Next  since  for  each  i2  1  }t< f  ,e  >  dW  [e.l  is  an 
t  t  H  ;o  s  i  q  sl  iJ 

Ito  integral,  then  for  each  n^  1 


E(Y®|F  )  -  Yn  a.s.  s <  t 
t  8  8 

and 

E(Y“-  E(Yt|Fs))2  -  E(E(Y“|Fg)  -  E(Yt|Fs))2 

=  E(E(y“- Yt)|Fg)2S  E(E(y"-  Yt)Z|Fs)  -  E(Y  -Y®)2  +  0. 

J  n-*» 

Thus  for  s  <  t  E(Y  j  F  )  *  Y  a.s.  and  from  Proposition  4.2.1(c)  for 

U  8  S 

te  T  -  [0,Tq] ,  (Yt)teT  ^  a  square  integrable  martingale  with  increasing 

process  EftQ(f  ,f  )ds. 

Jo  s  s 

Next  since  each  y”  has  a  continuous  modification,  then  for  each  n.ras  1 
|y“-  Y®|  is  a  continuous  non-negative  submartingale  and  by  Doob’s  inequality 

E[sup  |y"  -  Y™ | 2 ]  <  4 E  |Yj  -  Y°  I2  -*■  0  as  *,«■*■»  . 
teT  c  o  Lo 

\ 

Hence  there  exists  a  subsequence  (Y  }  that  converges  uniformly  a.s.  on  T 

to  a  continuous  version  of  Y  . 

C  Q.E.D. 

Corollary  4.2.1  For  qs  r^+rj  ^et  x  ^  be  a  non-anticipative 

H  -valued  process  such  that 
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W* 

i 

►  - 


V 


(A. 2. 5)  /  E ||  f  (s)  ||  2  ds  <  •  . 

o  " 

Define  /°°<f  ,dW  >  as  the  mean  square  limit  of  /*< f  ,dW  >  as  t  +  Then 
io  s  s  q  'o  s  s  q 

this  integral  is  well  defined  and  has  the  properties  (a)-(d)  of  Proposition 
4.2.1  writing  ®  instead  of  t.  Moreover,  for  all  t>  0 

e(  7 

and  (ffc  <f  ,dW  >  ,  F.)  is  a  square  integrable  martingale  with  increasing 

* O  g  8  q  t  t£U 

process  (4.2.4)  and  a  continuous  version  on  1R+. 


Proof  First  we  observe  that  from  (4.2. 5)  we  obtain  that  f €  M  and  there- 

-  q 

fore  for  each  t>0  the  integral  Y  ■  ft  <f  ,dW  >  is  well  defined.  Next  by 

6  t  'o  s  8  q 

(4.1.21)  in  Proposition  4.1.3  and  (4.2.5) 

00 

/  E(Q(fa,fg))ds  <  » 
o 

and  therefore  from  Proposition  4.2.4  is  a  8<luare  integrable 

martingale.  Then  Y  m  ]  <f  ,dW  >  can  be  defined  as  the  mean  square  limit 

00  'o  s  8  q 

of  Y.  as  t-*-00  and  it  is  such  that  E(Y  |F  )  ■  Y  a.s.  for  each  t  >  0.  The 
c  00  t  c 

continuous  version  of  Yfc  is  obtained  as  in  the  proof  of  Proposition  4.2.2 
by  writing  Y  instead  of  Y„  . 

00  Q.E.D. 

We  will  see  in  Corollary  5.1.5  of  Chapter  V  that  the  stochastic  inte¬ 
grals  defined  in  the  above  corollary  are  dense  in  the  space  of  real  valued 
nonlinear  functionals  of 

Stochastic  integrals  for  elements  in  M-  For  f  e  a  stochastic  integral 
of  the  form  (4.2.1)  cannot  be  defined  since  (Wfc)  ts  0  is  not  an  H^-valued 
process.  However,  we  are  still  able  to  define  a  stochastic  integral  for 
f «  Mq  with  the  help  of  the  following  lemma. 


Lemma  A. 2.1  Let  q2  and  fe  M,y  Then  there  exists  a  sequence 

{f  }  . ,  in  M  such  that  for  each  t  >  0 
n  nil  q 

t  7 

/  E 1 1  f  (s)-fn(s)  ||  q  ds  -*■  0  as  n-^«  . 
o  ^ 

Proof  Recall  that  f  e  implies  that  f  is  non-anticipative  and  that  for 
each  t  >  0 


o  II  f(s)  II  Q  ds  <  ®  . 

Next  let  be  a  CONS  for  and  let  P  be  the  orthogonal  projector 

i  iil  Q  n 

onto  the  span  of  {e. . e  }.  For  each  t  >  0  by  monotone  convergence 

in 


theorem 


t  00  t 

/  E||  f  ||  2  ds  -  l  J  E(<fs,e  >*)ds 
o  ^  j-1  o  J  v 

and  hence  for  each  t  >  0 

/  Ell  Pnfs"fsll  0d8  "  E  /  E(<fa»ei>0)dS  *  °  as  n^°°  * 

o  n  s  s  q  j-n+1  Q  s  j  q 

Next  for  all  nil  there  exists  a  sequence  (8^)^^  non-anticipative 
step  processes  with  values  in  the  range  of  P^  (this  is  the  finite  dimension 
al  case,  see  for  example  Lemma  4.3.2  in  Strook  and  Varadhan  (1979)  or  Lemma 
1.1  in  Ikeda  and  Watanabe  (1981))  such  that  for  each  t>  0 

I  ElK(s)-Pnf8||Q  ds<£  k-1,2 . 

o  w 

Define  the  H^-valued  step  process 


a (t)(w)  -  6  (t)(w) 
n  n 


Os  t<  *  u>c  Q  nil. 


Then  for  all  t  >  0 


I  Ell  an(8)  *  f8ll  q  ds  5  /  Ell  an<8>  ’  pnfs  I!  q  ds 


*  Nil  V.-£.Hq  d-£;+/  V.-'.Hq  “8  *  0 


as  n> 


Thus  we  have  shown  that  if  f  c  for  all  e  >  0  there  exists  an  Re¬ 


valued  step  process  a(t,u>)  such  that  for  each  t>0 


(4.2.6) 

where 


/  E 1 1  a(s)-f  (s)  ||  2  ds  <  e/4 
o  ^ 


a(s,a))  -  (u>)  a.s.  tj^s<tj+1  j«0,...,n-l 


a.  (u)  a.s.  sit 
fcn  n 


where  0*  t  <  t.  <...  <  t  <  00  and  each  a  takes  values  in  a  finite  dimension 
o  i  n  tj 

al  subspace  B,  ~£  ”  ^  J-  c  - *  **"  1,2 


Next  for 


Since  H  is  dense 

q 


of  H  ,  it  is  F  -measurable  and  E||  a  ||  «<  00  for  j-l,...,n. 

J  j  Q 

each  j=l,...,n  let  (e^,...,e^  }  be  an  orthogonal  basis  for  B 

^  j  J 

nse  in  we  can  choose  }  such  that  H  and 


n*i- 


Each  a  can  be  written  as 

^  i 


2kj  (tj+l~tj)EH  “tj  N  Q 


f-“l  • .  •  •  >  kj  . 


a t  (u>)  -  a|(a))  e^+. .  ,  +  a  ^  (w)  e^ 


where 


j 


E ||  a  ||  2  -  E((a^)2+...+(aJ  )2)  <  «  . 

i  W  j 


Define 


a*  (u)  -  aJ(w)iJ)j+...  +  a  J  (w)^ 

J  j 


then 


kj 

E||  a*  II  2  s  E((aj)2+...+(aJ  )2)  £  ||  ^  ||  2  < 

*-4  q  1  i  n 


kj 

Ell  oct  -  a*  II  2  -  E II  l  a^(e^-^)|| 


and 
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.i  ii  •{-♦11ii)2 


Finally  define 
(4.2.7) 


a*(s,u>) 


)2)H  l 

i-1 


a*  (a )) 
i 


Q>  <  2(tj+1-tj) 


tj5s<tj+l  J”1 . n-1 


I  a*  (w)  s  >  t 

v  t  n 

n 

which  is  an  element  of  M  .  Then  for  each  f  £  M.  and  e>0  there  exists 

q  Q 

a*  e  M  such  that  for  each  t  >  0 

q 

t  , 

/  E ||  a*(t)  -  f  (t)  U  q  dt  <  e 
o  ^ 


and  the  existence  of  the  required  sequence  follows. 


Q.E.D. 


Definition  4.2.3  Let  fe  M^,  then  from  Lemma  4.2.1  there  exists  a  sequence 

of  functions  (f  }  in  M  for  qir,  +  r,,  such  that  for  each  t>0 
n  n2l  q  1  Z 

t  j 

I  E ||  f(s)  -  f  (s)  ||  ds  ->■  0  as  n-*-°°  . 
o  n  ^ 

Then  by  Proposition  4.2.1  for  each  t>  0 

t  2  t  2 

E(  /  <f  (s)-f  (s),dW  >  )  =  /  E||  f  (s)-f  (s)  ||  ds  -*•  0  n,m  -*■ »  . 

'  n  m  sq  '  "  n  m  1  Q 

o  ^  o 

t  2 

Define  for  each  t>  0  the  stochastic  integral  /  <f  ,dW  >  as  the  L  (fi)- 

o  s  s  Q 

limit  of  the  Cauchy  sequence  {  /^<fn(s)  ,dWg>^)n^.  This  integral  satisfies 
(a)-(d)  of  Proposition  4.2.1  and  Proposition  4.2.2  for  elements  in  M^.  If 
in  addition  f  is  such  that 


(4.2.8) 


J  E||  f  J  l  ds  <  » 


then  the  stochastic  Integral  J^<fg,dWg>Q  is  defined  (as  In  Corollary  4.2.1) 

as  the  mean  square  limit  of  /fc<f  ,dW  >_  as  t-*00  . 
n  Jo  s  s  Q 

The  main  properties  of  the  above  integral  are  summarized  in  the 
next  corollary. 


Corollary  4.2.2  Let  f,  ge  M^.  Then 
a)  If  a,  be  IR  and  t>  0 


;  <afa+bg8,dUs>q  -  .  /  <fs,dWs>Q  +  b  /  <8s.dHB>Q  ..... 
t 

b)  E(  /  <f  ,dW  >  )  -  0  all  t  >  0. 

'  8  a  Q 


.)  E(  /l<fa.dWs>Q  /2<E..dWa>q>  -  E  /lAt2<£a.ga>Qds 
d)  E(  /  <£a.dWa>  )2  -  E  /  |l  £all  o  **  <  "  • 

o  x  o  v 


tl,t2> 


0. 


00  ^ 

e)  If  E  /  H  f8l!  Q  d8  <  00  then  {  / 

o  o 

is  a  square  integrable  martingale  with  corresponding  increasing  pro¬ 
cess 

/  Ell  fsl|  ^  ds 

o  ^ 

and  a  continuous  modification  on  IR+.  Moreover,  for  t>0 

EC  /  <£a.dwa>  |Ft)  -  ;  <fa.d«  >  .... 

o  o  x 

and 

e<  7  <t.*d».v2  -  *  7  iu.Hq  <*«• 

O  O 


The  proof  follows  by  the  above  definition.  Propositions  4.2.1  and  4.2.2 
and  Corollary  4.2.1. 


^•2.2  Stochastic  integrals  for  operator  valued  processes  (4* -valued 


stochastic  integrals) 


Let  L(4',4')  denote  the  class  of  continuous  linear  operators  from 
to  4'.  In  this  section  we  study  the  stochastic  integrals  of  L(4' ,4' )■ 
valued  non-anticipative  processes  with  respect  to  a  4* -valued  Wiener 
process  with  c.p.d.b.  form  Q  on  4><4. 

Definition  4.2.4  A  function  f :  [0,°°)  x  L(4'  ,4* )  is  said  to  belong  to 
the  class  0^(4', 4')  if  f  is  an  F^-adapted  measurable  (non-anticipative) 
function  on  [0,°°)xQ  to  L(4',4')  such  that  for  each  t>0 


(4.2.9)  E  /  Q (f * (<}) ),f *($))  ds  <  00  V  <|>e  4 

o  8 

where  f*:  4-*- 4  is  the  adjoint  of  fg,  i.e.  f*  is  defined  by  the  relation 
f(^)[<j>]  =  4»[f*(4)]  ^4',  <J>e  4. 


Lemma  4,2.2  Let  fe  0q(4',4').  Then  for  each  t>0  there  exists 
9t  f-ri+r2  such  that 

Eli|f^k  f  V  ■ E  l  "f»"vv%  >ds<" 

t»t  Mt,f 

where  cr_ (H  ,H  )  denotes  the  Hilbert  space  of  Hilbert-Schmidt  operators 
4t,f  ^ 

from  H  to  Hn. 

qt,f  9 


Proof  For  each  t  >  0  and  <J>  e  ^  let 


Then  since  f  £0^(4' ,4')  for  each  t>0 


V*(4)  »  E  /  Q(f*(4),f*(4>))ds. 


V_(4>)  <00  v  <}>€  4. 
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We  first  show  that  for  t>  0  (4>)  is  a  continuous  function  on  $.  Let 

0  ■+•  <J>  in  then  since  f*e  L(4,$)  and  Q  is  $>- continuous >  using  Fatou's  lem- 
n  s 

ma  we  have  that 


5  lit 

V.  (<j>)  =  {  E  /  lim  inf  Q(f*(<{>  ),f*(<J>  ))dsP 
t  *  s  n  s  n 

o 

*  {lim  inf  E  /  Q(f*($  ),f *(<p  ))dsP  -  lim  inf  V  (<j>  ) 

'  s  n  s  n  t  n 

o 

which  shows  that  V  is  a  lower  semicontinuous  function  on  $.  Applying  the 
triangle  inequality  we  obtain  that  for  tye  <J>  (<j>-Hp)  5  (<{>)  +  V  (^)  and 

clearly  Vt(a(J>)-  |a|  (<J>)  for  ac  1R  .  Then  by  Lemma  4.1.1  (4>)  is  a  contin¬ 

uous  function  on  $  and  there  exist  V  , >  0  and  9  - >  0  such  that 

t ,  t  t ,  t 


(4.2.12)  V?(<|>)£0*  f|U||* 

t  t.t  Ttf 

Next  let  ^  and  {X.}.  .  be  as  in  Assumption  4.1.1.  Choose 

J  J21  J  J21  _q 

qt  rt  f+ri  and  write  ^  -  (1+A^)  j*  1.  Then  ls  a 

CONS  for  H  and  using  (4.2.10)  and  (4.2.12)  we  have  that 
qt,f 


t  00  00  t 

E  /(  l  Q(f*(?,),f*($.)))ds  *  [  E  /  Q(f*($,),f*($.))ds 
o  j-l  8  J  8  J  j-l  o  s  j  s  3 


-  I  v2J.)s0 

j-l  J 


2 

t,f 


1  H+,11  j 
j-l  2  t. 


l  (1+X.) 

j-l  2 


t,f 


) 


t,  f9l <  °° 


Thus  for  each  t  >  0 


(4.2.13)  E  /  ||  f*| 


t  00 


n  (n  u  ^ds  -  E  /(  l  Q(f*(4>.)»f*(<l>.)))ds< 
°2(Y  /V  o  j-l  8  J  8  j 

tfL 


Q.E.D. 


Proposition  4.2.3  Let  f e  0q($' ,$' ) .  Then  for  each  t>0  there  exists 
a  ^'-valued  element  Yt(f)  such  that 
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(4.2.14)  Yff)[<J>]  -  /  <f*(<J>),dW  >  a.s. 

u  s  s  u 


where  the  RHS  of  (4.2.14)  is  the  stochastic  integral  of  Definition  4.2.3. 
Moreover,  for  each  T  >  0  there  exists  a  positive  integer  q_  ,  such  that 

O  1  )  I 

o 

Y.  (f)  e  H  a.s.  for  O^t^T  .  Y.  (f)  is  called  the  ^'-valued  stochastic 

t  -qT  o  t  - 

o 

integral  of  f  w.r.t.  W  and  is  denoted  by 


Yt(f)  -  /  £sdWs  . 


Proof  We  first  note  that  for  each  t>  0  and  e  $  f  <f*(<t>),dW  >„  is  defined 

-  s  s  Q 

o 

in  the  sense  of  Definition  4.2.3  since  f*(<J>)  is  non-anticipative  and 

s 

t 

/  Q(f  *(<)>)  »f  *(<(>) )ds  <  - 
4  s  s 
o 

i.e.  f*(<|>)  e  M I  . 
s  Q 

Using  the  notation  of  the  proof  of  Lemma  4.2.2,  define 

t 

Yt(f)[?j]  =  /  <f*(^j),dWg>Q  j*l. 

Then  by  Corollary  4.2.2  (d) ,  (4.2.10)  and  (4.2.12) 

OO  00  oo 

E<  l  (Yt(f)W.])2)  =  l  E(Y  (f)[?  ])2  *  l  V2(*  ) 
j=l  3  J-l  3  j-l  3 

*9t,f  ji'^jHr^f  S6t,f  V* 

OO 

Thus  l  (Y  (f)[4> ,])2  <  00  a.s..  Let 

j-l  3 


« {w:  l  (Y  (f)  [0  ]  (w) )  <  »}  then  P(R  )  -  1. 
j-l  C  3 


Let  be  the  CONS  for  H  dual  to  and  define 


(4.2.15)  Yt(f)(u)- 


n. 


Then  for  each  t>0  Y^(f ) e  H_^  a. a.  tor  -  *  j_ 


us.  for  q.  ,2r  ,+  r,  and  therefore 


*t,f 


Yt(f)  €  <J>*  a. a. 


It  remains  to  prove  that  Y  satisfies  (4.2.14).  Let  t>0  and  4>c 


then  <J>  e  H  and 
qt,f 


<J>  =  lim  I  «M.>  4>,  (limit  in  H  ) 

j  qt,f  qt,f 


n-*»  j=*l 
n 


and  therefore  V  (  £  ~  <t>)  0  as  n-*-' 

C  j-1  3  qt,f  3 


which  implies  from  (4.2.10)  that 

t  n 

Q<fJ< 

j-m 


n 


(4.2.16)  E  /Q(f*(  I  <<M,>  f,).  l  4>.))d8  ♦  0 

o  8  j-m  3  qt,f  3  8  j-m  3  qt,f  J 


as  n,m-+  00  . 


On  the  other  hand,  since  [<l>]  *  <<J)»4,j>q  then 


t.f 


s.  •  s  •  • 


w  — 

Y.  (f)[<t>]- I  Y  -  I  Y  [$,]«♦> ,4>> 

*  j-1  t  3  3  j-1  3  qt,i 

oo 

=  I  Y  [«M  >  ♦.] 

j-1  t  3  qt,f  3 

Thus  if  g  (s)  -  f*(  l  <4>.4>,>  <f>.) 

n  s  j-1  3  qt,f  3 


Y  (f)[<M  -  lim  /  <gn(s),dW  >  a-*- 

n-*»  o 


and  from  (4.2.16)  and  Definition  4.2.3 


J  <gn(s),dW  >  -  J  <f*('l>),dWs>Q  in  L2(fi) 


w 

Thus  for  each  t>0  Yt(f)[<J>]  -,/  <f*(4>) ,dWg>Q 


a.s.  V  <j>e  $>.  From  now  on 


Q.E.D. 


we  write  Yt(f)  instead  of  Y^f), 


t 

The  ^'-valued  stochastic  integral  Y  (f)  =  /  f  dW  has  the  following 

c  s  s 

o 

properties. 


Proposition  4.2.4  Let  f ,g e  0  ($',$') , 


a)  If  a, be  IR  then  for  each  t>  0 


Yt(af+bg)  =  aYt(f)  +  bYt(g)  a.s.  . 


b)  E(Yt(f)  [4>] )  =  0  V  (J)e  $  t>  0. 


L 

c)  E(Y  (f)fo]Y  ..(f)  [lp]>  =  E  J  Q(f  *(<(>), f*OIO)ds  V  <J> . 

c  t  s  s 


d)  Ell  Yt(f)||fq  -e/I|£,II*(h  »  )d8<"  Vt> 


0. 


*t,f  o  “  2  Q*  -qt^f 

e)  (Y  (f ) ,  F  )  n  is  a  <J>'-valued  martingale.  If  T=  [0,T  ],  T  >0  then 
C  L  L  —  U  O  o 


(Yt(f) >Ft)teT  is  a  -valued  square  integrable  martingale  with  an 


H  continuous  version  for  some  q_,  >  0. 
-q-r 


Proof  (a),  (b)  and  (c)  follow  from  Proposition  4.2.3  and  Corollary  4.2.2 


~  H  £  r 

To  prove  (d)  let  {<{>.=  (1+A  )  ’  <}>.}  ..  be  a  CONS  for  H  .  Then  using 

J  J  J  J  — ~^t  f 


monotone  convergence  theorem,  (4.1.8),  (4.2.14)  and  (c)  above  we  have  that 


E  Y 


(Oil  l  =  E  (I  <Y  (f),$  .>la  >-  l  E<Y  (f)  ,  (1+A  )  fc»f< >.>* 

qt,f  j=i  c  3  qt,f  j-i  3  3  qtj 

00  -2q„  f  oo  -2q„  f  t 

■  I  (1+A  )  C  * f  E(Y  (f )  [4>,  ] )  2  =  l  (1+A.)  t  ’ f  E  J  Q(f*(4>,),f*(<J).: 

j  =  l  -1  C  3  j=l  1  o  3  3 

t  00  —q  -q 

'  E  ]  I  Q ( f * ( 1+A  )  C’f4>  ,f*(l+A.)  ))ds 

o  j=l  8  3  J  s  J  J 


•  ))ds 


-q 


E  I  II  f£ll  o, (H  ,H  )ds  <l(1+V  ‘‘’Vl*!  iS  a  C0NS  f°r  Y  > 


(by  Lemma  4.2.2). 


E  l  N  fs"  o 2(h  ,h  ) 

°  2  Q  -qt,f 


ds  <  00 


e)  Let  Vt(<j>)  be  as  in  (4.2.10).  Then  for  each  <J>€  4>  (4>)  is  a  non-de- 

asing  function  of  t.  Her 
rT  f >  ®  such  that  for  <j>  e  $ 


creasing  function  of  t.  Hence  from  (4.2.12)  there  exist  0_  r>  0  and 

1 

o 


vt(<j>)  -  eT  II  r  v  t  e  T*  [0,Tq]  To>0. 

o  To,f 


Then  for  each  te  T  Yt(f)  e  H  a.s.  for  q_  r_  r.  (see  proof 

T  ,f  To’f  To’f  1 


of  Proposition  4.2.3).  Then  using  (4.2.14),  from  Corollary  4.2.2  we  have 
that  for  each  <J>e  0  (Yt(f )  [4>]  »^t)t>0  ls  a  martingale,  i.e.  (Yt(f )  »Ft>t>0 
is  a  $' -valued  martingale.  Moreover,  it  is  a  square  integrable  martingale 


in  T=  [0,Tq]  with  associated  increasing  process 


E  /  Q(f *(<)>) , f *(<{>) )ds. 
s  s 
o 


Next,  using  the  notation  as  in  the  proof  of  Proposition  4.2.3 

OO 

Y  (f)  =  l  Y  (f)[<j>  ]  a.s.  • 

c  1=1  3  J 


Therefore,  from  (4.2.14)  and  Corollary  4.2.2  for  each  jsl  Yfc  (f )  [<J>j  ] 


has  a  continuous  version  on  Is  [0,TQ]  anc*  therefore  ^or  each  ni  1 


Mn(t)  -  l  Y  [$  ]i|> 
j-1  J  3 


is  an  H  -valued  martingale  with  a  continuous  version.  Then  using  the 

”qT  ,f 
o 


usual  argument ,  since  ||  M^(t)-M  (t) ||  _  is  a  continuous  non-negative 

T0.  ^ 

submartingale,  by  Doob's  inequality 


E(.»p  II  Mn(t)-Mm(t)  ||  2  )  S  ‘E||Mn<T0)-«m(T0)||.„ 
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-  4  E 


m 


I!  I  Y  <f)  [♦  ]<!> 

j*n  o  J 


4  E(  sup  |  £  Y  (f)  [*  ]*  [♦]  ) 

IUIL  ^lj-nTo  j  j 

qT  ,f 
o 


m 


<40 


— 2(<1t  £  ~^T  f  ^ 

T  f  I  (l+X)  °’  o'  s 

Vrj=n  3 


4  e 


To'f 


m  -2r 

I  U+X.)  1  -  0 

j-n  J 


as  n,m  -*•  00  . 


Therefore,  there  exists  a  subsequence  M  (t)  that  converges  on  T*  [0,T  1 

nk 


uniformly  to  an  H_ 


-continuous  version  of  Y  ff). 

qT  ,f  1 

o 


Q.E.D. 


We  now  extend  the  definition  of  Y^(*)  to  functions  which  are  lntegrable 

in  [0,°°) x  n.  Lemma  4.2.2  and  Proposition  4.2.4  (d)  suggest  that  it  is 

enough  to  construct  stochastic  integrals  for  functions  of  the  form 

f:  [0,°°)  x  ft  -*  o2(H  ,H_r)  for  r  >  0  as  we  now  do. 

Let  r>  0.  A  function  f:  [0,®)  x  ft  ->•  a„(H  ,H  )  is  said  to  belong  to 

/  q  -r 

the  class  0(HQ,H_r>  if  f  is  an  F^-adapted  measurable  function  on  IR  x  to 
°2^Q,H-r^  8UC^  that 

OO 

(4.2.17)  /  E||  £  ||*  ,  xds  <  oo  . 

o  s  a2(VH-r} 

Proposition  4.2.5  Let  r>r]L+r2  and  f  e  0(H^,H_r) .  Then  there  exists  an 
H_r~valued  element  Y(f),  called  the  stochastic  integral  for  elements  in 
0(H^,H_r),  such  that 

00 

(4.2.18)  Y(f)  [<(.]-/  <f  *(<|,), dW  >  a.s.  V<f>€H 

s  s  y  r 


where  the  RHS  is  the  stochastic  integral  of  Definition  4.2.3.  We  denote 
this  integral  by 


Y  (f )  -  /  f  dW  . 
o  8  8 

It  has  the  following  properties:  If  f,ge  0(Hg,H_r) 

a)  For  a, be  m  Y(af+bg)  -  aY(f)+bY(g)  a.s.. 

b)  E(Y(f)  [4>] )  =  0  V4>€Hr. 

00 

c)  E(Y(f)[<j>jY(g)  W)  -  E  /  Q(f|C<t>),g*OJO)ds  <p,  ip£HT. 

o 

d)  E||Y(f)|l!r-E/  <■». 

t  w 

e)  If  Y  (f)  =  /  f(s)dW  ,  then  (Y  (f),F")  ti  0  is  a  ^'-valued  square 

t  s  t  t 

o 

integrable  martingale  with  an  H  continuous  version. 

Proof  Taking  r  =  r  f  and  r*  q  f  all  ti  0  as  in  the  proof  of  Proposition 
4.2.3  one  shows  that  for  each  t>0  the  stochastic  integral  Yt(f)c  H  ^  a.s. 
and  it  is  such  that 

t 

Yt(f)[<f>]  -  /  <f  ,dW  >  a.s.  V  <|>  c  Hr . 
o  ^ 

Then  using  Proposition  4.2.4  (d)  and  (4.2.17) 

EUVV"-r-E{  II  f8|lo2<„q,H_r)<ls*0  “*'>***• 

Therefore  there  exists  Y(f)«Yw(f)  with  the  required  property  (4.2.18). 

From  (4.2.18)  and  Corollary  4.2.9  (a),  (b)  and  (c)  are  proved.  The 
proofs  of  (d)  and  (e)  are  similar  to  the  proofs  of  (d)  and  (e)  in  Proposi¬ 


tion  4.2.4  writing  r2“rj  f  and  f' 


Q.E.D. 


CHAPTER  V 


MULTIPLE  WIENER  INTEGRALS  FOR  A  NUCLEAR 
SPACE  VALUED  WIENER  PROCESS 

In  this  chapter  we  construct  real  valued  (Section  5.1.1)  and 

-valued  (Section  5.2.1)  multiple  Wiener  integrals  with  respect  to  a 

^'-valued  Wiener  process  (W  )  _  with  a  continuous  positive  definite  bi- 

+ 

linear  form  Q  on  $  x  4>,  where  $  is  the  countably  Hilbert  Nuclear  space  of 
Section  4.1.1.  We  consider  multiple  Wiener  integral  expansions  and  sto¬ 
chastic  integral  representations  for  real  valued  (Section  5.1.2)  and 
-valued  (Section  5.2.2)  nonlinear  functionals  of  W.  The  Wiener  decom¬ 
position  of  the  space  of  -valued  nonlinear  functionals  is  obtained 
(Theorem  5.2.2)  as  well  as  representation  theorems  for  real  valued  (The¬ 
orem  5.1.2)  and  ^'-valued  (Theorem  5.2.4)  square  integrable  martingales. 

Throughout  the  chapter  we  will  assume  that  (fi,F,P)  is  a  complete  prob¬ 
ability  space  on  which  there  is  defined  a  $' -valued  Wiener  process  (W^)^^ 

w 

with  a  c.p.d.b.  formQ  on  4>,  and  for  t2  0,  F^  =  F  =  a(Ws:0  ss  st)  with 
FQ  containing  all  P-null  sets  of  F.  Also  we  assume  that  0^,  r^, 

{Xj}j>^,  Hr-t»<r<co,  and  ©2*  are  as  in  Assumptions  4.1.1  and  4.1.2, 


5.1  Real  valued  multiple  Wiener  integrals 

®n 

For  n2  1  let  $  denote  the  n-fold  tensor  product  of  $  (see  Section 
4.1.1).  The  aim  of  this  section  is  to  construct  real  valued  multiple 
Wiener  integrals  for  4>  -valued  functions  (Subsection  5.1.1)  and  then 


use  them  to  study  real  valued  nonlinear  functionals  of  W  (Subsection  5.1.2). 


•n 


5.1.1  Multiple  Wiener  integrals  for  $  -valued  functions 


Throughout  this  subsection  we  will  assume,  unless  otherwise 
stated,  that  n  s  1  and  T  =  [0,To],  T0>  0  are  fixed  but  arbitrary.  De- 


n  vTl  0n 

note  by  Lq(t  ♦  )  the  class  of  $  -valued  measurable  functions  f 

T*1  such  that 


on 


(5.1.1)  j  Q*n».c(t)  ,f(t))dt^  <  00  t  *  (tj,...,tn) 

where  Q*”  is  the  c.p.d.b.  form  on  x  fc®11  which  is  the  n**1  tensor  product 
of  Q  (see  Section  4.1.1). 

We  shall  define  multiple  Wiener  integrals  for  elements  in  the  class 

A  useful  concept  in  the  theory  of  finite  dimensional  multiple  Wiener 
integrals  is  that  of  symmetric  real  valued  functions  on  T11  (see  Theorem 
2.3.3  and  (2.3.10)  and  (2.3.11)).  We  now  introduce  the  analogous  concept 

On  &n 

of  symmetrization  of  *  -valued  and  K  -valued  multivariate  functions, 
where  K  is  a  separable  real  Hilbert  space  with  inner  product  <•,•>  and 
norm  ||  •  ||  K  . 

Definition  5.1.1.  Let  ns  1  and  f:IR"-*,K®n.  Denote  by  f  the  symmetriza¬ 
tion  of  f  defined  by 

(5.1.2)  f(t)  =  ^  I  W 

where  the  sum  is  taken  over  all  permutations  JT=  (TI(  1) .... , n(n) )  of 


> 


k 


k 


I 


(5.1.3)  f  ( t)  =  l  (<f(t  J,e  »...»e 

ji-'-V1  1  J  1  r  3n(i)  J 


n(n)  K 


®n 


!.  ®...®.  } 


for  (e.}.  ,  a  CONS  of  K. 
l  lil 


Proposition  5.1.1.  Let  (K. ,  <*,*>  )  be  another  separable  Hilbert  space 

1  Kj 

such  that  Kc  Kj.  Then  fn(t)  is  well  defined  for  all  permutations 
n=  (11(1), . . .  ,II(n))  and  therefore  independent  of  the  CONS  in 


Before  giving  the  proof  of  the  above  proposition  we  shall  define  the 


®n 


symmetrization  of  a  4>  -function. 


Corollary  5.1.1.  Let  ni  1  and  f:lR  +  -*-$  .  Then  the  symmetrization  f  of  f 


,®n 


defined  as  the  symmetrization  of  f  on  any  of  the  Hilbert  spaces  Hr  r£  1 


is  well  defined. 


®n  ““  ,,®n  ®n  ®n  _ 

The  proof  of  the  corollary  follows  since  4>  *  fl  Mr  '  r  D  s  ror 

r=l 

s>r  and  by  using  Proposition  5.1.1. 


Proof  of  Proposition  5.1.1  Suppose  K<=  and  let  and 


be  CONS  for  and  K  respectively  and  assume  that  for  each  ]r”  f(t) 


is  K®n  and  K®n-valued.  Then 


00 

fK  (t)  -  I  <f (tn) ,e .  e. 

n  -  .1  JH(1)  )n(n)  K*"  Ji  )„ 

J1  n 


and 


11  -  ’  11  *11(1)  *  n(n)  K®n  *1  n 


d. . .  .d  =1 

1  n 


K  00  oo 

Thus  fn  (t)  =  I  I  ®...®e  >  . 

d....i  *i  =i  n  •’n(i)  Jn(n)  K 

Inin 


<^0  •••••¥«  ,e.  ®...®e.  >  *A  > 


Y  O  -y  q  9  i  -  -  -  ___  ,  „ 

*n(i)  *n(n)  Jn(i)  •’n(n)  k.  i 


But  for  all  permutations  II 


<il>0  ®...®<h  .  e.  ®...®e,  , 


!,n(i)  ^ncn)  3n(i) 


then 


5n(n)  ll 

e.  ®. . .®  e.  >  _ 

Jn  K?" 


n 


1C  00 

ej 

>1— V1 


®. . .®  e.  >  „ 
n(i)  3n(n)  k*° 


I  ,  ,.<ej  j  >V"*Vr«>  V"""*  ’ 

£....£=1^1  Jn  1  n  K,  1  n 

In  l 


GO 

1  <f(ln)»  ei  >  e  ®.  ..®e.  =  f *(t) 

jr..jn=l  3 11(1)  3II(n)  K  31  3n  n 


The  above  argument  proves  that  fjj(t)  is  independent  of  the  CONS  in  K. 

Q.E.D. 

For  T *  [0 »Tq]  »  Tq>0  or  T-  1R+  we  denote  by  L2(t"-*- K®")  the  Hilbert 
space  of  K^-valued  measurable  functions  on  t”  such  that 

Proposition  S.1.2.  Let  T=  [0,TQ],  Tq>  0  or  T=  K+.  For  fe  L2(Tn-^K®n)  let 
(Sf)  (t>  =  f(t)  •  i  J  f„(t)  . 

2  n  ®n 

Then  S  is  an  orthogonal  projection  operator  on  L  (T  -*■  K  )  whose  range  S 

2  9 

may  be  identified  with  the  n-fold  symmetric  tensor  product  space  (L  (T)®K) 

Proof.  It  is  known  (Reed  and  Simon  (1980))  that  L2(Tn K®°)  =  L2(Tn)®K®n  = 

2  9n 

(L  (T)®K)  .  Then  it  is  enough  to  consider  functions  of  the  form 


f(t) =  f(t1,...,t  ) =  f  (t)...f  (t)e  ®...®e. 

i  n  1  X1  n 


2 

where  {f. }  .  and  {e.}.  .  are  CONS  for  L  (T)  and  K  respectively.  Then  sine 


T 


for  all  II 


fn(t) "  fi  (tn(i)) 


*fih(tn(n) 


w 

)  l  {<e.  ®-®  e  , 
j  x  •  -  -  j  n=  1  1  n 


e.  ®...»  e.  >  _  e.  ®...»  e.  } 

JH(1)  3n(n)  K*°  1  Jn 

=  f  .  (t.)...f  (t  )  e  .  ®...®e.  I  f  (t) 

n  J(i)  1  n  1 (n)  n  n_1(i)  1n'1(n)  n*  n  n 

ei  ^  ®*  •  *®  eTifn'l^ 


n  "n(i)  *  *n(i) 

is  an  element  of  (L2 (T)®K)*n. 


n(n) 


Next  foT  each  permutation  II,  from  (5.1.3)  it  is  seen  that  the  operator 
Pjj(f)  =  fn  is  linear  with  adjoint  equal  to  its  inverse.  Then 

?*=■—■  I  P*  -  ~  I  V  =  P. 

n.  n  n  n-  n  n"1 

Also  from  (5.1.3)  we  have  that  for  each  permutation  II 

(Pf)n=n~  2  2  ®...®e  >  e  ®. .  .®e 

n*  jr..jn=l  ^*(1)  Jn*(n)  K  J1  Jn 

where  the  first  sum  is  taken  over  all  permutations  II*  of  H.  Then  for  all 
permutations  II  of  (l,...,n)  (Pf)^  =  (Pf)  and  hence 


P2(f)  =  P(P(f))  =4  I(Pf)n  =  Pf. 

n.  n  n 

Thus  P  is  a  projection  operator  whose  range  can  be  identified  with  the 

Q.E.D. 


2  dr) 

symmetric  tensor  product  space  (L  (T) ®  K) 


Corollary  5.1.2  Let  T,  K  and  f  be  as  in  the  last  proposition.  Then 

(nll?(i> II  s  |JI f (i’ll 

The  proof  follows  by  using  the  fact  that  Pf *  f  is  a  projection  operator 


Remark  Multiple  Wiener  integrals  on  a  Hilbert  space  have  been  defined  by 
Miyahara  (1981)  for  the  case  of  a  cylindrical  Brownian  motion  on  Hq.  In 
his  case  Q(*,*)  =  <*>*>0  an<*  t^e  CONS  of  eigenvectors  of  L  diago¬ 

nalizes  Q  (see  Example  4.1.7).  In  our  case  we  do  not  consider  a  cylindri¬ 
cal  Brownian  motion  but  rather  a  -valued  Wiener  process  with  an  H  con¬ 
tinuous  version  for  q2  r ^  +  r Moreover,  the  c.p.d.b.  form  0  on  is 

not  assumed  to  be  diagonalized  by  ^  ^ ^ i  *  This  leads  to  finite  dimen¬ 
sional  multiple  integrals  with  dependent  integrators  of  the  type  studied 
in  Chapters  II  and  III  (see  also  Lemma  4.1.5). 

In  order  to  define  real  valued  multiple  Wiener  integrals  for  elements 
n  &n 

in  Lq(T  -+  4  )  we  shall  first  construct  multiple  integrals  for  -valued 

functions  for  q^rj  +  r2  (as  in  the  case  of  stochastic  integrals  in  Chap¬ 
ter  IV)  and  then  apply  density  arguments  to  define  them  on  the  spaces 
Lq(t" and  L2Ct"-h"). 

2  n 

Multiple  Wiener  integrals  for  elements  in  L  (T  -*-Hq  ) 

2  ti 

Definition  5.1.2  Let  n£  1  fixed  and  qs  ^  +  r^.  For  fc  L  (T  -*■  )  define 

the  real  valued  multiple  Wiener  integral  of  f  with  respect  to  the  -valued 
Wiener  process  Wt  by 

(S.!.4)  1(f)  -  1. 

J1...Jn“l  T  1  n  q  1=1  1 

where  (e^}^2l  is  a  CONS  for  and  each  multiple  integral  in  the  RHS  of 

(5.1.4)  is  an  integral  with  respect  to  the  symmetric  tensor  product  mea- 
n 

sure  ®  W[e.]  defined  in  Sections  2.3  and  3.1  (see  also  Lemma  4.1.5). 
i=l  1 

Proposition  5.1.3  Let  H  be  the  linear  (Hilbert)  space  of  (wt)tcp 


defined 
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r\ 


in  (4.1.25).  Let  nil,  qirj  +  i^  and  f  e  L2  (t”  -*•  H^°)  .  Then  the  multiple 
integral  (5.1.4)  is  a  well  defined  element  in  (the  n-fold  symmetric 


tensor  product  of  H)  and  of  L2(0,FW,P) 


Proof  Let  {e.}.^,  be  a  CONS  for  H  .  Then  for  each  i . i 

-  l  iil  q  Jl*  Jn 

L  <f(t)..  «...«  >2sn  dt  s  j  ll  *oon  2„,  «  <  - 

T  J1  Jn  q  T  q 

n 

and  by  Lemma  4.1.5  and  Theorem  2.3.2  <f(t),e.  ®. .  .®e.  >  is  ®  W[e.  ]- 

~  J i  3n  q®° 

integrable  and  each  integral  in  the  RHS  of  (5.1.4)  is  an  element  in  H®n. 
Next  by  Theorem  2.3.3  (b) 

(5.1.5)  E (/  <f(t),e  ®...«e  >  _d  l  W[e,  ](t))2 

t"  "  J1  }n  (\  i=l  h  “ 

5  L  ®...®e  >2  Q(e  ,e  )  . .  .Q(e  ,e  )dt 

t"  h  3n  q®"  Jl  h  Jn 

=  L  Q  (<f(t),e  «...®e  >  e  «...®e  ,<f(t),e  ®...®e  > 

Tn  “  3l  3n  q®°  ]1  3n  "  J1  Jn  q®n 


e.  ®. . .®e.  )dt 

h  ^  " 


Then  if  {e^ =  (1+A^)  is  the  CONS  in  H^> by  applying  Cauchy- 

Schwartz  inequality  and  (5.1.5)  above  we  have 


(5.1.6) 


■nT(f»2£{  l 

1  i  i-1  J  l 

Jl,,0n_1  1 


-2(q-r  )  -2(q-r.) 

)  „.(1+X.  )  1  } 

1  Jn 


*  2r  2r, 

(  I  (1+X.  )  . . . (1+A .  ) 

jr--jn=l  J1  Jn 


,  n 

E  c  /n<f Ct),(j).  •  _  d  ®  W(e.  ](t))‘ 

Tn  Jl  Jn  q®°  i=l  Ji  - 


5  l  n  (1+^d  )  2/nQ*n(<f  Cij)  ®*  *  -®<J>4  >  e-e  ®...®e. 

Jr-'V1  i=l  1  ^  1  ^q®"3!  J, 


<f(t),$.  ®...®<j).  >  _  e,  ®...®e.  )dt 


(Proposition  4.1.2) 


se;e2.  i.  ,  .n  <»*v  2n 

j 2 - . . Jn=l  i=l  Ji  J1  Jn  q  T  J1  Jnc 

■  8?92  L.  T  >2_,dt  II  .1) 

TJl-'-V1  1  n<l  1  ”  << 


-•M  ««<-  • 

T  q 

2 

Therefore  E(I  _(f))  <  »  and  the  multiple  series  (5.1.4)  converges 

n,  l 

in  mean  square.  Then  the  linearity  of  I  _,(•)  follows. 

n,  i 

The  next  step  will  also  show  that  I  (•)  is  independent  of  the  choice 

n,  l 

of  the  CONS  in  H  . 

q 

2  t> 

Let  ^  rj  +  r2 #  q  ^  and  assume  that  f  belongs  to  L  (t  ■►H  )  and 

1 

{ty. }-  .  is  a  CONS  in  H  .  Then  using  Lemma  4.1.5,  the  bilinearity  of  Q 
1 

®n  9n 

in  H  xH  and  Corollary  5.1.2,  we  have  that  for  all  m  £  1 

q  q 


(5.1.7) 


m  n 

E(  l  /  <f(t),e  ®...®e  >  d  ®  W[e  ] (t ) 

jj. .  On=1  T  Jl  Jn  q  i=l  Ji 

m  n  j 

l  /n<f(l)^4  >  J  ®  ](t))^ 

Ji -v1^  Jl  h 

5  InQ  (  l  (<f  1 Cl)  .e  •  -®e.  >  e  ®. .  -®e. 

-  <f(t),ip  ®...®<K  >  en  ^  ®...®^,  ). 

Jl  Jn  qj"  Jj  Jn 

m 

l  (<f(t),e  ®...®e  >  e  ®...®e 
jj...jn»l  31  •’n  qw  •’l  •'n 

-  <f(t),ij>.  ®...®i|f.  >  _  i/>.  ®...®^.  ))dt 


5  /Jl  I  <f(t),e.  «...®e.  >  _  e.  ®. 
2  in"  .  u  .  .  '  i ,  i  ®n  i , 

T  Ji-'-V1  1  nq  1 


l  •...«!»  >  ^irdt 

ii • • • jn=1  Jl  Jn  qi  H 


which  goes  to  zero  as  m->“»  by  dominated  convergence  theorem  since 
m 

h  J  <f(t),e.  ®...®e.  >  _  e.  ®...®e. 

J1  Jnq*”Jl  J„ 

-  I  <f(t) >*,♦,  •••■•♦,  II 2 

i ....  j  =1  J 1  Jn  q,  J 1  Jn  H 

J1  n  1 

5  2(||  fCO  ll  2®n  +  l(  fCi)  II  2®J  all  mil. 


Then  the  proof  of  the  proposition  is  complete. 


Q.E.D. 


The  multiple  integral  I  _(•)  has  several  properties  analogous  to 

n,  * 

those  of  the  multiple  Wiener  integral  for  a  real  valued  Wiener  process 
of  Ito  (1951).  We  now  present  them. 

2  n  on  #v 

Proposition  5.1.4  Let  nil,  q  i  Tj  +  r2  and  f  e  L  (T  +  )  .  Then  if  f  de 

notes  the  symmetrization  of  f  (Definition  5.1.1). 


a)  'n.T^  *  'n.T^- 

b)  E(InT(f))  =  0. 

O  ECIn  T(f))2  Sn! 

d)  If  g  e  L2(Tm-*-H®m)  for  mil,  then 


E(I  T(f)I  T(g))  =  6  nl<f ,g>  _ 

n,T  m,T  nm  ,  ^,„ai.,,®n 


L  (T° "^Hq) 


S)  E<In.T(f»2  •  H(In,TC?))2-n.|l?ll[v^ 
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Proof  a)  Since  for  all  and  teT 

-  1  n  — 


(5.1.8) 


~  1  00 
<f(t),e.  ®...®e.  >  ,=4  I  I 

h  ^n  q®°  n!  n  kr  .kn=l 

{<f(t^),e,  ®...«e  >  <e  ,e®...®e  >  } 

^  kn(i)  kn(n)q^  kn(i)  kn(n)  ^i 


=  <f(t),e.  ®. ..®e.  >  ^ 

—  l .  i  ®n 

J 1  Jn  q 

it  follows  from  (5.1.4)  that  I  T(f)=  I  T(f) 

n  j i  n, i 

b)  By  Lemma  4.1.5,  for  each 


II 

E(/n<f^*ei  ®---®e4  >  d  *  Wtei  1  <t))  -  0 
Tn  J1  K  q •"  i=l  Ji  " 


and  hence  E(I  T(f))  =  0. 
n,  * 


(5.1.9)  E(I  T(f)I  -(g))  »  l  l 

n>1  “»*  j, . . .  j  =1  k,...k  =1 

•'l  Jn  1  n 

n 

(E(f  <f(t),e  ®...®e  >  d  ©  W[e  ] ( t ) 

T  **1  Jn  q  i=l  Ji 

m 

/„<8(t).V»-.-®ek  >  4*  »[e  ](t))}. 

T  1  n  q  i=i  l 

Then  by  Lemma  4.1.5  E(I  T(f)I  T(g))  =  0  if  n  ft  m  and  if  n  =  m 

n ,  i  m ,  i 

n 

E(Jn<f(D»e4  *•  •  •®ei  >  d  ®  W[ei  1(-3  * 

T  J1  ■’n  q  i=l  Ji 

n 

/  <g(t),e.  ®...®ek  >  d  ®  W[e  ](t)) 

T  kl  kn  i=l  Ki 

-  In  Q*"  (nl  E  <f  ’ei  •'  *  '®ei  >  ®n  ei  ®-  ‘  -®ei  * 

t"  ni  n  Jn(l)  JII(n)  qOT  J1  3n 

i  l  <f(tn),e.  ®. ..®e.  >  .  e.  ®...®e.  )dt  . 

n!  n  >H(1)  Jn(n)  V" 


*\  *“ 

-  ' 

•%V»  ■** 


«_•.  O  ^  -  «_<  -V  • 


L.*.  JcV.  O  O  C  C  V*  C  • 
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&n  ®n 

Therefore,  using  the  continuity  of  Q  on  x 


E(In,T(f)In,T(g))  =  (n  Q®n(?Ct) ,g(t))dt 


f’g  L2(Tn-H®n) 


and  (d)  is  proved. 


The  proof  of  (e)  follows  from  (d) ,  (a)  and  Corollary  5.1.2.  The  proof 


of  (c)  follows  from  (d)  and  since  for  ip  e  H 


2  II  iHI  2 

,®n  2  1 1  ^ 1 1  « 


q^r.  +  r 


1  A2‘ 


Q.E.D. 


We  will  extend  the  definition  of  I  ^.(*)  to  functions  in  L2(lRn-»-  H®n) , 

n,T  +  q 


denoted  by  In>  and  show  (Corollary  5.1.4)  that  orthogonal  series  of  In  are 


dense  in  L2(ft,FW,P) 


2  n  ®n 

Multiple  Wiener  integrals  for  elements  in  L  (T  -*-Hq  ) 


Lemma  5.1.1  Let  fe  L2 (Tn -*■ H®n)  .  Then  for  all  q>rj+r2  there  exists  a 


sequence  {f  }  .  . ,  f  e  L2(Tn-*-H®n)  mi  1,  such  that  f  f  in  L2(Tn-*H®n) 

M  m  n*i  m  q  m  m^oo  Q 


2  n  ®n  ®n 

Proof  Let  fe  L  (T  -*•  )  ,  then  given  e>  0  there  exists  an  -valued  step 


function  g  such  that 


(5.1.10)  J  S|  f(t)  -  gE(t)  ||  2  dt<  e/2 

T  Q 


where  g^ft)  =  (£)  >  a.  e  H®n,  A.  e  8(Tn)  and  m®n(Ai)  <  «  i  =  l,...,k 


some  k,  m®n  denoting  the  Lebesgue  measure  on  (Tn,B(Tn)). 


0T1  ®H 

Next,  since  for  q>  r^+  r2  H  is  dense  in  H  ,  then  there  exist 


b.  e  H  i=l,...,k  such  that 

i  q 


Define 


fe(t)  =  l  b.  1.  (t),  then  fe€  L2(Tn  +  H®n) 
i=l  i  M 

and 

L  l|fe(t)-geCt)||2  dt  <  e/2  . 

Tn  Qn 

Then  from  the  last  expression  and  (5.1.10) 


(5.1.11)  f  ||f(t)-fe(t)||2  dt  <  e 

Tn  Q®° 

and  the  existence  of  the  required  sequence  follows. 

Note  that  the  above  result  holds  if  T=  F  . 


Q.E.D. 


Definition  5.1.3  By  Propositions  5.1.3  and  5.1.4  we  have  that  I  defined 


2  n  An  2 

in  (5.1.4)  is  a  bounded  linear  operator  from  L  (T  -*-H^  )  to  L  (£2)  (in  fact 


to  H911) .  Hence  by  Proposition  5.1.4  (e)  and  Lemma  5.1.1,  I  _,(•)  has  a 

n,T 


unique  extension  to  L  (T  +  H.  ).  We  denote  this  extension  by  I  and  call 

v  n,  l 


it  the  n**1  real  valued  multiple  Wiener  integral  for  elements  in  L2(Tn-+-H^n) 


We  summarize  the  main  properties  of  In  in  the  following  lemma  whose 


proof  follows  by  Proposition  5.1.3  and  5.1.4  and  the  above  definition. 


2  n  ~ 

Lemma  5.1.2  Let  fe  L  (T  ).  Then  if  f  denotes  the  symmetrization  of 

f  on  Hq  (see  Definition  5.1.1) 

a>  rn,T^  =  In.T'S  e  ^ 

b)  E(In  TCf))  =  0. 

c)  If  ge  L2(Tm -►  H^1™)  for  m2  1  then 

d)  E(In  T(f))2=  n!  fnQm(f(t)  ,f(t))dts  n!  /nQ®n(f(t)  ,f(t))dt. 


1S8 


The  proof  follows  by  Definition  5.1.3  and  Propositions  5.1.3  and  5.1.4. 


Iterated  stochastic  integrals  We  now  define  the  real  valued  iterated  sto- 

2  n  on 

chastic  integral  Jn(*)  for  elements  in  L  (1R  -*-H  )  q^r1+r2>  and  show  its 

relationship  with  the  multiple  Wiener  integral  I  „(•),  T=  [0,t]  ti  0,  of 

n ,  i 

•  •  •  2  n 

Definition  5.1.2  for  elements  in  L  (T  -»■  H  ).  This  connection  will  allow 

q 

2  n  ®n 

us  to  extend  the  definition  of  I  _(•)  to  functions  in  the  space  L  (F  -*-H  ) 

n,  i  ^  cj 

In  what  follows  L2(IR^)  =  L2(R  ^,8(IR  n) ,  dt)  where  dt^  stands  for  the 

Lebesgue  measure  on  (IRn,B(]Rn)) . 

2 

Let  {f^}^!  and  be  complete  orthonormal  sets  for  L  (F+)  and 

respectively  where  q^r^+r^  Then  (see  Reed  and  Simon  (1980)) 

f  M  1i*..iM  1  ] 

(5.1.12)  f  (t  )...fp  (t  )e.®...®e  n  V 

^  1  1  n  n  kl  kn  kjS  l,...,kni  1  > 

is  a  CONS  for  L2(IRn)®H®n  =  L2(Tn-»- H®n)  . 

q  q 

For  k,,...,k  Jt  and  n  fixed,  let 

lnln  ’ 


(5.1.13)  f(t)  =  (f£  (tj)ek  )®...®(f£  (tn)ek  ) 

11  n  n 


and  for  t>  0  define 


i  -  (tj, . . . ,tn) 


(s.1.14)  ^,(0.  2tot  .«t  \  2s"s" 


m  o 


m  m 


(5.1.15)  Jnt(f)  =  J  <Jn_iCf) t  .dWt  > 


n  n 


where  the  stochastic  integrals  of  the  RHS  are  in  the  sense  of  Definition 
4.2.2.  If  f  and  g  are  two  H  -valued  functions  as  in  (5.1.13)  define 

q 

J  ..(f+g)  =  J  .(f)  +  J  (g) .  Then  J  is  extended  to  the  linear  mani- 
t  n  j i  n ) t  n  j t 


.v’/V* 


*  u  •  .**  .  ■ 


fold  Sn  generated  by  -valued  functions  of  the  form  (5.1.13). 
Proposition  5.1.5  If  fe  Sn>  then  for  each  t>  0  ^(f)  is  well 


defined 


Eun  t(f»2s/  .lint) ii  2m  dts /  ii  ftt)ii 2  at  <  -  . 

n,t  ]R"  Q®"  ]R"  q®n 

Proof  By  the  preceding  paragraph  to  this  proposition,  it  is  enough  to 

prove  the  result  for  functions  of  the  form  (5.1.13).  We  first  show  that 

for  m=  l,...,n  Jm  j(f)t  belongs  to  M  (see  Definitions  4.2.1  and  4.2.2) 

m  q 

Using  Fubini's  theorem 

j,  II  Q  “V  /  ,11  fH.(tl)ek1®---*fln(t„)eknll  4i 

■/nil  f<lMI  L  4‘ <  J  nll  «t)  ||  2m  dt  <  - 

F+  Q  IR+  q 

and  therefore  for  each  1  s  mS  n 


IH  ty 

4n. 


<»  a .  e .  dt  . . . . dt  . 

m+1  n 


Then  J  (f)  e  M  and  /  <J  (f)  ,dW  >  is  given  by 
°  rl  q  o  0  ll  ll  q 


Definition  4.2.2. 


Therefore  Jj(f)t  is  H^-valued  and  from  Propositions  4.2.1  and  4.2.2  it  is 
non-anticipative  such  that  for  each  t^>  0 

e  /3HJ,COt  lip  «2  -  J3  J2.n  II  **.{»,). k  ||2  dtjd«2<-. 

o  2  x  o  o  1=1  l  l 

Proceeding  in  the  same  way  we  have  that  for  2Sm<n,  J  (f)  is  H  - 

ml  %  q 

valued,  non-anticipative  and 

oo  00  t  t  m 

E/  ll-Vl^t  IIq  dtm'  /  rJ-/2n  Ilfk/WllQ^l-dV 

o  m  ^  o  o  o  1=1  i  i 

t 

i.e.,  J  .(f).  cM  and  hence  the  stochastic  integral  /< J  1(f),.  .dW  > 
m-i  t  q  _  m-i  r  q 

m  ^  o  m  m 


can  be  defined  as  in  Definition  4.2.2.  Thus  for  each  t>  0  J  _.(f)  is  well 

n,t 


defined  and 


o  n  Q 

/  I"-}../2  X  ||f  (t  )e  ||*  dt  ...dt  s 

O  0  O  1=1  1  1  x 


J  nil  fCSll|29n'iS^/„l|f(u)l|2wl<iu 


Q.E.D. 


2  n  9n 

Definition  5.1.4  Since  elements  of  the  form  (5.1.13)  generate  L  (R +-*H^  ) 

and  from  Proposition  5.1.5  for  each  t>  0  J  (•)  is  a  bounded  linear  trans 

2  W  2  n  ®n 

formation  from  to  L  (ft,F  ,P),  then  it  can  be  extended  to  L  (R+-+H^  ). 

This  extension  is  also  denoted  by  J_  „.(•)  and  called  the  n*^  iterated 

n,t 

stochastic  integral.  Moreover,  using  Lemma  5.1.1  J_  «.(•)  is  also  extended 

Il|  t 

,  .  2  f  __  n  i  .®n . 

to  L  (R++HQ  ). 

We  now  present  the  relation  between  J  ,.(•)  and  I  «.(•)• 

n,t  n,t 

Proposition  5.1.6  Let  qiTj  +  Tj  and  nil.  For  any  t>0  let  T=  [0,t] 

and  I  _,(•)  be  the  multiple  Wiener  integral  of  Definition  5.1.2  for  ele- 
n ,  i 

ments  in  L^fT11  ->-H®n).  Let  fe  L^(R ”*►  H^11) ,  then  for  each  t>  0  if  f  is  re¬ 
stricted  to  T=  [0,t] 


(5.1.16)  In>T(f)  =  In>T(f)  =  n!  Jn>t(f) 


(5.1.17)  I  T(f)  =  /  <g(s),dWs> 

’  o  ^ 

where  ge  and  the  RHS  of  (5.1.17)  is  the  stochastic  integral  of  Defini¬ 
tion  4.2.3.  Moreover,  E  /^||g(s)||^  ds  <  00  . 

2 

Proof  Let  and  (e^))^  be  CONS  for  L  (R+)  and  H  respectively 


•  '  *  V-»  ’  •  v.  V-  ’I  • 

’  \  --  \  V  -  -V.  •  *  -  •  O 


*♦  .V.'-  .N  , 

•  *  *  ’  V  * 


6 


and  f(t)  be  as  in  (5.1.3).  Then  from  Definition  5.1.1 


f(t)  =4  2(f8,  (tn  )ek  (tn  )ek  } 

_  n!  n  «'ni  "1  *nn  Iin  kn^ 

and  since  for  each  t>0  J  (f)  and  I  T(f)  are  linear  on  f 

n ,  t  n ,  i 

J  .(f) -A  lJ_  t((f.  Ctn)e  )®...«(f£  (tn  )e  )) 

n»t  n!  n  \  n!  nij  *nn  knn 


and 

(5.1.18) 


rT(f)vr  II  t((£.  Ctn  )e  )®...®(fj,  (tn)e.  )). 
n,T  n!  Jj  n,t  8.^  1^  ^  Un  knn 

But  from  (5.1.4)  in  Definition  5.1.2  and  Lemma  2.3.1  we  have  that 
for  all  permutations  11=  (JI^,...,IIn)  of  (l,...,n)  and  T=  [0,t],  t>0 

I  T((fn  (fn  )ev  )®««»®(f£  (tjj  5®^  5) 
n,T  ini  kni  »nn  “n  knn 

n 

](t) 


/f  (tn  )  •  •  •  f  ^  (t  )d®W[e  ](t] 
Tn  \  "l  \  1  n  i=l  KTli 

JW[e  ](%  )®---,5I»lte  I1**-5 

knj  11 1  knn  lln 


where  I  ,  , (f 0)  is  the  isometric  integral  of  f.  w.r.t.  the  o.s.m.  W[e^] 

"le^J  *  ** 

(see  Lemma  4.1.5  and  Theorem  2.1.1).  Then  from  (5.1.18)  « 


(5.1.19)  In,T^f^  ~nl  ^W[e  1 

n  kRi  Hi  knn  un 

=  ](V°‘’'®Iw[ek  ]CV' 

1  n 

On  the  other  hand,  from  the  definition  of  J  and  (4.2.2)  in  Defini- 

U  ,  X. 

tion  4.2.2,  for  all  t>0 

d  Ctjr  )e.  )®,..®(f^  (t^  )e^  )) 

n,t  £IJ1  nj  kn^  *nn  n  knn 

■ )  r"i-N.  %>•••%.  (\)d\  l\  ]-i\  N  ’■ 

oo  o  n  j  1  nn  n  Hj  nn 


By  the  last  expression,  (5.1.19)  and  Theorem  3.3.3  it  follows  that  if  f 

m  *v 

is  as  in  (5.1.13)  then  for  each  t>0  In  T(f)  =  n!  Jn  t(f) .  Wext,  since 
for  each  t>0  I  _,(•)  and  J  (•)  are  bounded  linear  operators  from 

II  y  1  II)  t 

2  fi  2 

L  (1R  +H  )  to  L  (ft) ,  that  agree  (up  to  a  constant  n!)  on  a  dense  linear 

manifold  S  of  \? ( 1R n -*•  H®11) ,  then  (5.1.16)  follows  for  all  f  in  L^(]Rn-HI®n) 
n  v  q  '  v  q 

Now  we  shall  prove  (5.1.17).  Let  f  be  as  in  (5.1.13)  and  g(s,u>)  * 
n!  1(f)s(u)  se  1R+,  ojc  ft.  In  the  proof  of  Proposition  5.1.5  we  have 
shown  that  Jn  ^(f),  defined  in  (5.1.14),  belongs  to  and  moreover 

o 

Therefore  ge  M^,  E  Jq  j}  g  Cs)  i  I  q  ds<°°  and  from  (5.1.15)  and  (5.1.16) 
for  each  t>  0,  T=  [0,t] 

‘..r'O  '  l  %’dV,  • 

The  above  result  extends  if  f  belongs  to  the  linear  manifold  S^. 

Next,  if  fe  L  (IR”-*-lTn),  there  exists  a  sequence  of  functions 

2  n 

(f  }  _.  in  S  such  that  f  converges  to  f  in  L  (F  -*■  H  ).  Then  there 
m  mil  n  m  &  +  q 

exists  a  sequence  of  functions  (g  }  _ ,  in  M  such  that 

°m  mil  q 

00 

(5.1.20)  E  /  ||  gm(s)  ||  q  ds  <  co  mil 

o  ^ 

and  for  each  t  >  0 

t 

(5.1.21)  I  (f  )  =  /  <g  (s) ,dW  >  . 

n , t v  m'  ‘  6m v  ’  s  q 
o  n 

Then  by  Proposition  4.2.1  (d)  for  each  t>  0 

E<I„,T'fm-fk»2*E(  /  %(S>-8kW'dVq>2 

0  n 

*  E  /  II  gm(s)  -  gk(s)  II  o  ds  • 

o  x 


On  the  other  hand,  by  Proposition  5.1.4  (c) ,  for  each  t >  0,  T=  fo,t] 


(5.1.22) 


Then 


■VW1**1  e"  “  V*kH  22flJUH.». 

1  q  J 


sn!  e2  nv£kii;2_n 


.•n-. 


L  (F  “■+H~  )  m,k-~» 


sup  E(I  T(f  -f,))  ->0  as  m,k- 
0£t<°°  n* 


and 


v  2 

sup  E  /  II  e  (s)  -g.  (s)  ||  ds  -*>  0  as  m,k  +  ®  . 

Kl-Coo  «  lu  *  x 


0St<°°  O 

Thus,  using  (5.1.20)  and  dominated  convergence  theorem 

OO  t 

E  /  I!  gm(s)-gk(s)  ||  q  ds  *^supE  /  il  g.M-g^*)  II  q  ds 

-*•  0  as  m,k-+  °° 

and  then  there  exists  an  H^- valued,  fix  1R+  measurable  function  g,  ge 
such  that 

E  /  ||  g  (s)-g(s)  ||  ds  -*•  0  asB4», 
o  ^ 

Thus  by  Definition  4.2.3,  for  each  t>0 

t  t  7 

E(  /  <g(s),dWs>Q-  /  <gm(s),dW  >  )  -*-0  as  m-*-“ 

o  ^  o  " 

and  by  (5.1.21)  since  for  each  t>0 


then 


^Vim-'n.T'y’2*0  asm  +  ” 

t 

I  T(f)  =  /  <g(s)  ,dW  >n  for  each  t>0. 

4  n  5  X 

Q.E.D. 


Corollary  5.1.3  Let  fe  L(1R^-*  H^11) .  Then  if  H  is  the  Gaussian  space 
of  W  (see  4.1.25)) , 
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a)  For  each  t>  0  J  (f)en 

n  j  l 


/J-N  T-W 


b)  (J^  t(f),Ft) t£m  is  a  square  integrable  martingale  with  a  continuous 

modification  and  increasing  process 

t  9  , 

E  J  ||g(s)||  J  ds  =  E  /J  f(u)||‘  du  T  =  f 0,t] 

°°  2 

for  some  function  ge  Mn  with  E  /  ||  g(s)  ||  ds  <  00  . 

^  o  ^ 

The  proof  follows  from  the  last  proposition.  Definition  4.2.3  and  Proposi¬ 
tion  4.2.2. 


Remark  Using  Lemma  5.5.1  one  can  show  that  Propositions  5.1.6  abd  Corol- 

2  n  An 

lary  5.1.3  hold  if  f  belongs  to  L  (R  +  -*-Hq  ).  However,  we  have  left  them 
the  way  they  are  to  show  the  role  played  by  the  bilinear  form  Q  and  the 
Hilbert  space  H^. 

2  n  0r\ 

Multiple  Wiener  integrals  for  elements  in  L  (R  H  ). 

-  -  -  R 

Definition  5.1.5  In  Definition  5.1.2  we  have  given  the  multiple  Wiener 

2  n  ®n 

integral  I  _(•)  for  elements  in  the  space  L  (T  -*■  H  )  where  q>r.  +  r«  and 
n  >  i  q  1  & 

T=  [0, t]  t>0  is  a  finite  interval  of  the  real  line.  Now  let 

2  n 

fe  L  (1R  -*-H  )  and  I  _(f)  be  the  multiple  integral  of  f  restricted  to 

+  q  n,  l 

L2(Tn->H®n) .  Proposition  5.1.16  shows  that  for  all  t>0,  1^  T(f)  = 

»v  ts* 

n!  J  ^(f)  and  from  Corollary  5.1.3  we  are  able  to  define  J  (f)as  the 
n,  t  n,°° 

L2(£2)-limit  of  J  .(f)  such  that  E(J  (f)|F^)  =  J  ..(f)  a.s.  .  Write 
n  j  t  n  t  n  j  t 

In(f)  =  n!  Jn  ^(f)  and  call  it  the  multiple  Wiener  integral  for  elements 

2  n  $n 

in  L  (1R+^H  ).  Then  using  Lemma  5.5.1  and  density  arguments  as  before, 

2  n  ®n 

I  is  also  defined  for  elements  in  L  (R  -*■  H_  ) .  Moreover,  it  is  a 
n  +  Q 

2  W 

linear  operator  from  each  of  the  above  spaces  to  L  (f2,F  ,P)# 

The  main  properties  of  I  (•)  are  summarized  in  the  next  result. 


‘V.v* 


V  *.  "V  V  \  \ 


t  f 
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Lemma  5.1.5  Let  f  e  L2(F  H?1)  .  Then 


teIR  +  - 


a)  In(f)  3  In(f)  €  where  H  is  the  linear  space  of  (W^) 

b)  E(In(f))  =  0. 

c)  If  ge  L2(F™>H?m)  for  m£  1  then 


E(In(f)Im(g))»  5^  n!  /n<f(s),i(s)>  ds. 

IR  +  Q 

d)  E(I  (f))2  =  n!  /  ||  f(s)  ||  2  ds  S  n!  /  ||  f (s)  ||  2  dS. 

n  m"  q®"  m"  qm 

e)  For  T=  [0,t],  t >  0;  if  I  _(f)  is  the  multiple  integral  of  f  re- 

n,  i 

stricted  to  T11  then 


E<Vf’lft  >  ■  Vt®' 

00 

f)  In(f)  -  /  <^(s),dWs> 

O  V 

2 

for  gc  Mq,  E  ||  g(s}||  q  ds<°°  and  the  random  variable 
Q  <g(s),dWs>Q  is  defined  as  the  limit  of  the  square  integrable 
martingale  J*  <g(s),dWs>p. 

The  proof  follows  from  the  above  definition.  Lemma  5.1.2,  Proposition  5.1.6 
and  Corollary  5.1.3. 


5.1.2  Real  valued  nonlinear  functionals 

By  a  real  valued  nonlinear  functional  of  we  mean  an  ele- 

2  W  W 

ment  of  the  space  L  (Q,F  ,P)  where  r  =  F^  .  In  this  subsection  we  use  the 
techniques  developed  in  the  last  section  to  obtain  multiple  Wiener  integral 
expansions  and  stochastic  integral  representations  for  elements  in 
L  (ft,F  ,P).  We  follow  the  same  ideas  as  for  the  one  dimensional  Wiener 


*  Wv. v  •**.  •*-  *,*•  •*.  *.*•  •*«  •* •  ■*.  "T •  ,k.  u  -* 

-  —  A*1.  *  .  I  *  _  ■  _  -  V  •  «  a  rn  a  a  t  .  1  a  a  a  %  a  a  a  .  a  k  a  .  a  m  a  k  a  a  - 
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process,  as  presented,  for  example,  in  Chapter  VI  of  Kallianpur  (1980). 

Multiple  Wiener  integral  orthogonal  expansions  Let  Sj  be  the  subspace 
2  2  W 

of  L  (fi)  =  L  (ft,F  ,P)  spanned  by  the  multiple  Wiener  integrals  I  (fn) 

2  n 

f  «  L  (E  ->H  )  ni  1  where  I  is  as  in  Definition  5.1.5  for  qir ,  +  r., 

n  +q  n  n  1  2 

that  is 


Sj  =  sp 


(f  ):  f  e  L2(1R  "-*■  H®")  nil}, 
n  n  n  +  q 


2  jj  &n 

By  the  definition  of  1^(0  for  elements  in  L  (IR  +  -*-Hq  ),  we  have  that 
Sj  is  also  equal  to 

V  L2(IR,;^H^n)  nil}. 

2 

The  next  result  shows  the  role  played  by  the  space  L  (IR+)®Hp. 

2 

Proposition  5.1.7  Let  EXP(L  (®+)®H0)  denote  the  Exponential  Hilbert 

2 

Space  of  L  (IR+)®Hq.  Then 

EXP(L2(1R+)®Hq)  =  Sj 

where  for  g€  EXP (L2(IR+)  ®  H^)  ,  g  =  (gQ,g1, . . .)  gn«  (L2(]R  +)  ®  H^)®"  n  i  0 
00 

n(g)  =  l  (nl)'*4  I  (g  ).  I  (•)  =  1. 

n=0 

Proof  Let  g=  exp  ®(f)  f  e  L2(IR+)  ®  H^,  i.e. 


(5.1.23)  exp  ®(f)  =  (f°,f,  —  . 

7l\  /ST 

Then  by  Proposition  5.1.2  and  Lemma  5.1.3  (c)  and  (d) 

E(n(exp  ®(f)) 2  -  \  (n!)-,sE(I  (f ®n))2=I  (n!)_1||  f 1 1  * 

n=0  n  n=0  L  (r")®Hq 


00 


»  I  (n!)1(||  f II  2 
n=0  L*(Hg«HQ 


)n=  ||  exp  ®(f)  "  2 


EXP(L^  (IR+)®Hq) 
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and  the  proof  follows  since  elements  of  the  form  (5.1.23)  span 
EXP(L2(]R +)«Hq)  (see  Proposition  2.2  in  Guichardet  (1972)). 

O.E.D. 

Proposition  5.1.8  Let  Fe  L2(Q, F^,P) .  Then 

00 

F  -  E(F)  =  l  I  (f  )  a.s. 

n=l 

where  fne  (L2(]R +)«HQ)®n  =  L2(]R^H^n)  and  In(*)  1  are  the  multiple 

Wiener  integrals  of  Definition  5.1.5. 


b  2 

Proof  From  Definition  4.1.2  H=  L^W)  =  L  (IR  +  -*Hq)  and  by  (4.1.26) 
L2(S1,F^,P)  can  be  identified  with  EXP(H).  Then 


where 


EXP(H)  m  EXP(L2(F+)®HQ) 
n2(exp  0(1 j(f))  =  exp  ®(f) 


fe  L2(1R+)®Hq. 


Then  by  Proposition  5.1.7  L2(J2, F^,P)  can  be  identified  with  Sj  in  such 
a  way  that  if  Fe  L2(fl, FW,P) 


F-E(F)  =  l  !n(fn) 
n=l 


a.s. 


where  f  e  L2(]R  n->- H®n)  and  I  (•)  nil  are  the  multiple  Wiener  integrals 
n  +  Q  n 

of  Definition  5.1.5. 

Q.E.D. 


The  following  result  shows  the  density  of  orthogonal  expansions  of 

®r 

q 

Corollary  5.1.4  Let  Fe  L“(fi,F",P) ,  E(F)  =  0  and  qir^^.  Then  for 

®r 

q 


2  n 

multiple  Wiener  integrals  of  elements  in  L  (F  +  -*-Hq  )  qsr^+r^ 

2«uw, 

2  n 

all  e  >  0  there  exist  g^  L  (F+-*H  )  ni  1  such  that 


ECF  -  [  I„(8ll))  <  e  . 

n=l 


•  .s  1,'.  .*»  .•>  .' 


.  ‘  **•*•*»'•.  ■»  ^  .  *  »  *  *  *  •  ’  »  *  •  1  *  '  « 


:£l 


Proof  By  Proposition  5.1.8  there  exist  fn«  L“(IR“-*- Hq“)  n2  1  such  that 


F  «  7  I  (f  ) 
L,  nv  nJ 
n=l 


(L  (fl) -convergence) . 


Let  qSr^  +  r^  and  e>  0.  Then  by  Definition  5.1.5  and  Lemma  5.1.1  for  each 

2  n  An 

ni  1  there  exists  g^e  L  (IR^+H  )  such  that 


w-w1  <  e/2  • 


Then  by  the  orthogonality  of  I  for  n?<  m 


E(  V»(g") '  w  ■  t£(w  ■  w>  s  i  e/2"  ■ 

n=l  n= 1  n= 1 


and  hence 


W  -  I  W)2  <  e 

n=l 


o.e.d. 


Stochastic  integral  representations  The  next  result  is  the  analog  of 
Theorem  6.7.1  in  Kallianpur  (1980)  for  the  one  dimensional  Wiener  process. 

Theorem  5.1.1  Let  Fc  L2(J1,FW,P) ,  E(F)  =  0.  Then 

OO 

F(w)  =  /  <g(t,U)),dWt> 
o  ^ 

00  2 

where  ge  M  ,  E  /  ||g(t)||_  dt  <  00  and  the  RHS  is  the  stochastic  integral 
”  o  ” 

of  Definition  4.2.3. 


Proof  Since  Fc  L2(ft,F^,P),  by  Proposition  5.1.8 


f  =  y  1  (f  ) 

L .  n v  n 
n=l 


(L^(S2)  -convergence) 


2  n  An 

where  fn£  L  (JR  +  -*-Hq  )  ni  1.  Then  by  Lemma  5.1.3  (f) 

OO 

W  =  /  <gn(t)*dWt>Q  a-S' 
o  x 

°°  2  n 

where  gne  M  and  E  /  ||  gn(t)  ||  Q  dt  <  “  ns  1.  Write  g*  =  l  gi- 

^  0  ^  i= 1 


Then  by 


linearity  of  the  integral  /  <*,dW  >q 

o  ^ 

j  ijtfp  -  J  <g;(t),awt> 

1=1  o 

GO 

and  therefore  E(F  -  /  <g*(t),dWt>  )  ->-0  as  n-*00  .  Then  using 

o  ^ 

Corollary  4.2.2  we  obtain  that 

00  00 

E  /  II  g*Ct)-g*(t)  ||  q  dt  =  E[  J  <g*(t)  -gjj(t)  .dWt>q]  -►  0  as  n,m 


Therefore  there  exists  ge  M  ,  E  /  j|  g(s)||  ds  <  °°  such  that 

^  o  ' 

°°  2 

E  /  II  g*(t)  -  g(t)  ||  Q  dt  ^  0  as  n-*- 00  and 
o  " 

E[  7  <g*Ct),dWt>q-7  <g(t),dWt>Q]2  0  . 


Hence 


F(o))  =  /  <ht,dWt>0 


a. .  s .  i 


Q.E.D 


The  next  result  shows  the  density  of  the  stochastic  integrals 

foo  2  W 

I  <•,  dW  >  in  the  space  of  nonlinear  functionals  L  (ft,F  ,P). 

Jo  t  q 

Corollary  5.1.5  Let  Fe  L2(fi,FW,P) ,  E(F)  =  0.  Then  for  all  q >  ^  +  r 
and  e>0  there  exists  ge  M^,  E  Jq  ||  g(s)  ||  2  ds  <  00  such  that 

00  2 
E(F  -  J  <g  ,dW  >  )  <  e  . 

o  1 

The  proof  follows  from  the  last  theorem  and  Definition  4.2.3. 


Representation  of  real  valued  square  integrable  martingales 


Theorem  5.1.2  Let  (M^.F  1  _  be  a  square  integrable  martingale,  with 

— . "  "  1  —  Z  L  IK 

Mq=0.  Then  (Mt)  has  a  continuous  modification,  say  (M^) ,  which  is  given 


by  the  stochastic  integral 


a.s. 


Mt(w)  =  /  <g(s,o))  ,dWs>Q 


for  every  t>0,  where  gcM^,  i.e.  g(s,w)  is  jointly  measurable,  g(s,*) 

w 

is  F^-adapted  and 


E  /  ||  g(s)  ||  q  ds<  oo  . 
o  ^ 

2 

Proof  Since  (M^)^  m  is  a  square  integrable  martingale,  i.e.  sup  E(M, )«» 

'  L  L£  IK  t 

+  0<t<°° 

then  exists  as  the  mean  square  limit  (and  also  as  the  almost  sure  limit) 

W  2  2 

of  M  t-*°°,  and  moreover,  M  is  F  -measurable  and  EM  <  °°,  i.e.  M  cL  (ft,F,P) 

t  ’  CO  OO  OO  9  00  K  >  t  J 

Then  by  Theorem  5.1.1 


M*  =  /  <g(t),dWt>Q 


a.s. 


where  ge  M  ,  E  /  ||  g(s)  ||  ^  ds  <  00  .  Then  by  Corollary  4.2.2 
^  o  ^ 


Mt  =  E(MJF^)  =  /  <g(t),dW  >  a.s. 

o  v 

and  the  stochastic  integral  has  a  continuous  version  which  is  the  required 

Q.E.D. 


modification  of  M^. 


5.2  -valued  multiple  Wiener  integrals 

Let  4  and  <J>  n£  1,  be  as  in  Section  4.1.1  and  denote  byL((4>  )',$') 

®n 

the  class  of  continuous  linear  operators  from  ($  ) ’  to  .  In  this  sec¬ 
tion  we  define  multiple  Wiener  integrals  of  the  form 

Yn,T(f:)  =  ^n’J  f(l)dwti---dwtn  1= 

®n 

where  f(t)  is  a  non-random  element  in  £.(($  )',$’)  and  T=  [0,Tq]  for  all 

n£  1  and  Tq>  0  (Section  5.2.1).  Then  we  construct  multiple  stochastic 
integral  expansions  and  stochastic  integral  representations  for  -valued 
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nonlinear  functionals  and  -valued  square  integrable  martingales  of 

(Section  5.2.2).  A  Wiener  type  decomposition  of  the  space 

of  -valued  nonlinear  functionals  is  obtained  in  Theorem  5.2.2  as  the 

2 

inductive  limit  of  the  spaces  L  (Q-*-H  )  ri  0. 

An 

5.2.1  Multiple  Wiener  integrals  for  L(($  ) ' ,$') -functions 


Throughout  this  section  na  1  is  fixed  but  arbitrary. 


n  ®n 

Definition  5.2.1  A  measurable  function  f :IR  -»■  (.(($  )',$')  is  said 

to  belong  to  the  class  ©qU**11)  •  ,4>')  if  for  all  T=  [O.TJ ,  Tq>  0 

(5.2.1)  /nQ®” (f*(4>).f *(<!>))  dt<»  V  <{>£  $ 
where  f*:<I>-*-$  is  the  adjoint  of  ffc  and  t^=  (tj,...,tn). 

An 

Theorem  5.2.1  Let  f«  0^(($  )',$').  Then  for  each  Tq>0  there  exists 
a  <t>'-valued  element  Y  T(f) ,  T*=  [0,T  ]  such  that 

1  O 

(5.2.2)  Yn,T(f)[*]  “  Vt^M  a-s-  V  <J)e  $ 

where  I  „  is  the  real  valued  multiple  Wiener  integral  of  Definition 
n,  l 

5.1.3  for  elements  in  L2 (Tn -*■  H^°)  .  Y_  is  called  the  ntl1  ^'-valued 

q  n,  i 

multiple  Wiener  integral. 


Proof  We  prove  this  theorem  in  a  very  similar  way  to  Proposition  4.2.3. 

First  note  that  for  each  <pe  i>  I  _(f*(<|>))  is  well  defined  since  from 

n » i 

(5.2.1)  f*(<J>)  e  L2(Tn+H^). 

Next  for  <J>e  4>  define  V^(4>)  =  ^,(<|>)  as 

(5.2.3)  V2(<J>)  =  Q®11  (f *(<(>), f* (40 )dt. 

Since  Q  is  <t>  -continuous,  using  Fatou's  lemma  one  can  show  (as  in 


Proposition  4.2.3)  that  is  a  lower  semi  continuous  function  on  $>.  More¬ 
over,  is  a  non-negative  function  on  4>  that  satisfies  conditions  (a), 

(b)  and  (c)  of  Lemma  4.1.1  (use  triangle  inequality  to  prove  (a)  and 
(5.2.1)  to  show  (c)).  Then  this  lemma  implies  that  is  a  continuous 
function  on  $  and  therefore  there  exist  0^  =  0^.  and  r^=  r^  ^  such  that 


(5.2.4) 


v!(«0  *  0,||4*||  i 


V  4>e  *  ■ 


Next  let  {<p.}  ...  and  be  as  in  Section  4.1.1,  q,  =  q,  _  such 

J  3-1  3  3*1  _q  f  f»T 

that  q,2r,+  r,  and  write  <p.=  (1+A.)  ^4>.  jal.  Then  {4>.}w,  Is  a  CONS 

Mf  f  1  333  3  3*1 

for  and  we  denote  by  t^e  CONS  for  H  ^  dual  to  l,e* 

Define  Y  ~(f)[4*-]  =  I  „,(f*(5*))  3^1.  Then  by  Definition  5.1.3 
n,T  y  n,Tv  J 

and  Proposition  5.1.4  (e) 

J,  ^n.TWt*,!)2 

J  =  1  *  J 

oo  oo 

*  nil  /_  Q®n(f*W.),f*(^.))dt  =  n!  I  V*(?.) 
j  =  l  T  -  ■'  —  3  j  =  l  1  J 


*  n!  0f  l  H5.ll  l  =n !  0  I  (l+A.) 

j=l  J  rf  rj=l  J 


2(qf-rf) 


£  n  0f0j  <  00 


where  0.  is  as  in  (4.1.4).  Then  (Y  T (f)  [4> - ] ) 2  <  00  a.s.  . 

i  J=i  n,i  j 

Let  {u>:  I”_1(Yn  ^(f)  [4>jl  (w))2  <  °°),  then  P(flj)  =  1.  Define 


(5.2.5) 


Y  T(f)(u)  = 
n,  1 


l  Y  (f)  &  ]  («)  ip  u>ef2 

j=J  J  J  1 


Y  _(f)cH  a.s.  for  q,i  r.+  r.  and  then  Y  _(f)  e  4*'  a.s. 
n,Tv  '  -q,  Mf  f  1  n,Tv 


From  now  on  write  Y  T(f)  =  Y  T(f) . 

n, i  n, i 
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Next  if  <j>€  $,  then  4>  c  ^  rf  +  ri  and 

Vr(f)W1-  T(0«j]  <f.yqf 


j=i 

00 


j=l 


Thus  for  all  <J> e  4>,  since  Y  T(f)[4>.]  =  I  T(f*(<L)) 

“i  i  j  n, i  j 


m 


(5.2.6)  Yn>T(f)  [<j>)  =  lim  In  T(f*(  l  <*>.*.>,  4>.))  a.s. 


nr*°° 


n,T 


j=i  J  VJ 


then 


On  the  other  hand,  since  J.  .<d>,( J>.>  <f>  (j)  on  H 

^>=1  J  ^f  nr-  «f 

V«(Z”  <J).-4>)  0  which  implies  using  (5.2.3)  and  Proposition 

1  3=1  J  qf  3  nr>°° 

5.1.4  (e)  that 


E(I  T(f*(«)  -  I  T(f*(  l  «M,>  $J))2-0  as 

i  «ii  i  3=1  J  4£  J 


Then  from  (5.2.6)  for  all  T=  [0,Tq],  Tq>  0 


Yn,T(f)l4)1  =  In,T(f* (<^>))  a‘s-  V  ♦«  *  • 

Q.E.D. 

The  following  properties  of  the  $' -valued  multiple  Wiener  integral 

Y  T(f)  follow  from  the  last  theorem,  (5.2.2),  Proposition  5.1.4,  Defin- 
n,  l 

ition  5.1.3  and  Corollary  5.1.1. 

Proposition  5.2,1  Let  f,ge  0Q(($®n)  1 ,$')  .  Then  for  each  T=  [0*TQ] 


T  >  0 
o 

a) 

Yn>T(af+bg)  =  aYn>T(f)  +  bYn>T(g) 

a.s.  a, be  ]R 

b) 

E(Yn,T(f:)[4,])  =  0 

c) 

If  g e  0Q(($’®m)’,4>’) 

^n.T^W  Y.fT^»l) 

v  <p,  4»€  $> 


=  Sna  n!  /n 


where  f*(4>)  is  the  symmetrization  (Corollary  5.1.1)  of  f*(<J>) 
t  ^ 


.®n 
on  4>  . 


d)  E(YnjT(f)[4>])2^n!  /nQ®n(f*(<t.).f*(4>))dt 


Proposition  5.2.2  Let  n^l  and  g:]R  -*■  L((<i>  Define  the  symmet- 

rization  g  of  g  such  that  for  each  te  IR+  and  <j>e  $  g*(<j>)  =  g£(<J>)  where 
g*(<j>)  is  the  symmetrization  of  g*(<js)  on  $  of  Corollary  5.1.1.  If 

t  t 


fe  0Q (($*")', $')  then 


a)  fe  0  ((<J>®n)',$')  and  for  each  T«  fO,T  ],  T  >0 


Yn,T(^  =  Yn,T^  a,S' 


b)  For  each  T=  [0,Tq],  Tq>0  there  exists  qf  T>  0  such  that  a.e. 


te  Tn  ft  and  ft  are  Hilbert-Schmidt  operators  from  to  H_ 
and 


qf,T 


(5.2.7) 


E|lYnTWll-q  =  n!  !l?l|22  n  ®n 

qf,T  L2(Tn-KJ  (H^.H  )) 

2  1,1 


*  n!  llf  II  2  n  «n 

L2(Tn->a  (H^.H  )) 

*  V  qf,T 


where  )  denotes  the  Hilbert  space  of  Hilbert-Schmidt  operators 


'2V  Q  ’  -q 


from  H®n  to  H 


f,T 


qf,T 


Proof  a)  By  Corollary  5.1.1  for  each  te  1R+  and  4>e  $  f*($)  ■  f*(4>)  e 


®n 


and  by  Corollary  5.1.2  for  each  T=  [0,Tq],  Tq  >  0  and  <pe  $ 


(f£C$),f£(<fO)dt  £  JnQ‘Wl(f*(<l>),f*(<j>))dt 
which  is  finite  for  each  T  since  fe  ©_(($  )',$'),  proving  that 


5 


Thus  Y  _(f)  is  defined  for  each  T=  [0,T  1  T  >  0  and  from  Theorem 
n,T  o  o 

5.2.1,  Definition  5.1.3,  Proposition  5.1.4  (a)  and  (5.2.2)  we  have  that 


Y  T(f)  =  Yn>?(f)  a.s.  for  each  T=  [0,Tq],To>0. 


b)  For  T  =  [0,Tq],  Tq>  0  let  T  and  T  be  as  in  the  proof  of  Theorem 


5.2.1  and  take  {(1+X.)  f,T<j>.}-^,  a  CONS  in  H  .  Then  Yn  T(f)  e  H 

3  3  3*1  -q*  t  n»T 


q£  -p  n,T  *4 


f,T 


a.s.  and 


E|| 


Vt<«  'I  -,fT*  'f'V-,£, 


2q 


-  I  Cl*X.)  "f ,te<y  (f),* 

j=l  3  0,1  3  qf,T 

’2qf  rp  2 


(by  (4.1.8)) 


=  l  (1+X.)  f’TE(Y  T(f)[<j>.]): 
j=l  3  ".I  3 

=  n!  I  (1+X  )  2qf’T  J  ij  fj(4>.)  ||  2-dt  (Proposition  5.2.1  (d)) 
j=l  3  T  -  3  Q 

■ II  ^dt .  „!/„(  h\  ll^dt 


00  „Q 

s  n!  J_(  l  ||  fid+X.)  f,T4>i)||  2  dt  (Corollary  5.1.2) 

T  j  =  l  -  J  J  Q 


=  n!  J  l  Q®"(f;((l+X .)qf’T«j> .),f*((l+X.)qf’T<j>.))dt 
T,lj  =  i  J  J  J 


-q 


=  n!  I  V*  T((l+X  )  'f'T«|>. 
j  =  l  1,1  J  •’ 


(by  5.2.4) 


2r. 


s  n!  0.  .  I  (1+X.)  1 

r»  j=l  3 


=  n!  9^0!  <~  • 


Then  a.e.  t  e  T 


<  oo 


and 


H  H*n)=i  IJ’^V  V»Q«» 

a2(Hqf/r*HQ  5  Q 


II  fjll  2  «n  =  l  II  ?*C(l^X  )  f*T<J>j)l|2an<“ 

-  VHqfyHQ  >  j=i  -  3  y  Q®° 

-<lr  T 

where  {(1+A.)  ’  <$>.}...  is  a  CONS  for  H  .  Then  (5.2.7)  follows  since 

J  3  ^f,T 

lUJl2  *,  -  llqll2  OT  • 

1  VC,H.qf  >  £  »2Wq 

r’  Q.E.D. 


n  0n 

We  now  extend  the  definition  of  Y  to  functions  f : IR  -*-L((<l>  )',$'). 

n  +  ’  ' 

Proposition  5.2.2  (b)  suggests  that  it  is  enough  to  construct  multiple 

n  0n 

Wiener  integrals  for  functions  f-.IR^i^CHq  ,H  g)  for  s^Tj+r^,  as  we 
now  do. 


Proposition  5.2.3  Let  s  a  q^^  +  q2  and  n?  1  be  fixed  but  arbitrary.  Let 

fe  L2(1r”-»-  a2(H®n,H_s)) .  Then  there  exists  an  H  s-valued  element  Yn(f) 

2  n  ®n 

called  the  multiple  Wiener  integral  for  functions  in  L  (JR  +  -*-o2(Hq  ,H_s)) 
such  that 


(5.2.8)  Yn(f)W]  =  In(f*(4>))  a.s.  V  <J)e  Hg 


where  In  is  the  multiple  Wiener  integral  of  Definition  5.1.5  for  elements 
in  L  (IR"-*  .  Moreover,  Yn(f)  satisfies  the  following  properties 

a)  If  gc  L2(IRIJ-^a2(H^n,H_s))  and  a, be  IR. 


Yn(af+bg)  =  aYn(f)  ♦  bYn(g) 


a.s.  « 


b)  If  ge  L2(IR^o2(H!ra,H_s))  then 


E<Y  (f) ,Y  (g)>  =6  n!  <f,g>  „ 

n  m‘8J  -s  n.m  .)) 
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Ell  yf)  Ills'  n!  II*  II  2  n  «n 

r(F"-*O20^n,H-#)) 


5  n!  II  fH  2  n  ®n  <  °° 

L  (®>2(Hr*H-s)) 


c)  For  T=  [0,t],  t>0  if  I  _  is  the  real  valued  multiple  Wiener  inte¬ 

nt 

gral  for  elements  in  L^(Tn-*H^n)  then 

E(Yn(f)[<J>]|Fj)  =  In|T(f*(*))  a.s.V  4>e  Hg. 

°°  2 

d)  For  each  4>€  Hg  there  exists  Mq,  E  /  ||  g^(s)  ||  *ds  <  «  such  that 

CO 

Yn(f)  [4>]  =  /  <g*Cs),dWs>Q  a.s. 

where  the  RHS  is  the  real  valued  stochastic  integral  of  Definition 
4.2.3. 


Proof  The  first  part  is  proved  as  in  Theorem  5.2.1  using  Definition 

2  n  ftn 

5.1.5  for  elements  in  L  (IR  +  -*-Hq  ).  (a)  follows  from  (5.2.8)  and  the 
linearity  property  on  !„(’)•  (c)  and  (d)  follow  from  (5.2.8)  and  Lemma 
5.1.3  (e)  and  (d) .  The  second  part  of  (b)  follows  as  in  the  proof  of 
(b)  in  Proposition  5.2.2.  To  prove  the  first  part  of  (b)  let 

{e^=  (1+A^)  &e  a  CONS  for  H  g,  then  using  (5.2.8)  and  Lemma  5.1.3  (c) 

E<vnc«.Ymcg)>.s  -lo*y25«i„(fcv>v**»k>» 

k=  1 


=  5„mn!  /  „  Z<f;(«k).8?Cek)>dt 

IR+  k=l  —  —  Q 


6nm  f’g  L2(mn^  (H®n  H  )} 


We  will  see  in  the  next  section  that  the  multiple  Wiener  integrals 
2  n 

Yn(*)  for  elements  in  L  ,H  g))  s  i  +  r^  form  a  complete  sys¬ 
tem  in  the  space  of  -valued  nonlinear  functionals  of  • 

The  next  result  will  be  useful  for  the  representation  of  $' -valued 
nonlinear  functionals.  It  relates  the  $>' -multiple  Wiener  integral  with 
the  -stochastic  integral  of  Proposition  4.2.3  and  it  is  an  infinite  di¬ 
mensional  analog  of  Lemma  6.7.2  in  Kallianpur  (1980). 

2  n 

Proposition  5.2.4  Let  nil,  s  i  qj  +  and  f  e  L  (R  +  -*•  (^(H^  ,H_s))  • 

Then  there  exists  a  non-anticipative  c^CHq.H  g) -valued  process  h(t,u)) 
such  that 

CO 

E  /  II  hCt.o.)  ||  ‘  (|)  „  ,dt  <« 

o  i  Q  -s 

and 

00 

Yn(f)  =  /  h(t,0))dWt 
o 

where  the  RHS  of  the  last  expression  is  the  $' -valued  stochastic  integral 
of  Proposition  4.2.5. 

Proof  By  Proposition  5.2.3  (d)  for  each  4> e  Hg 

00 

(5.2.9)  Yn(f)[<}>]  =  /  <g4)(t),dWt>Q  =  In(f*(4>))  a.s. 

where  g^e  Mq,  E (/”  ||  g^(s)||qds)  <  00  .  Let  be  a  CONS  for  Hg 

and  define  h*(t,u)(ek)=  gg  (t,w)  ki  1.  Then  h*t.t)(ek)  is  Hq-valued  and 
h*(t)(ek)  e  MQ  ki  1.  Next 


00  00  oo  00 


00  oo 

=  I  E(  /  <g  (t),dW  >  )2 
k=l  o  ®k  Z  ^ 


(by  Corollary  4.2.1) 


(by  (5.2.9)) 


=  l  E(Y -(f)  t®kl) 
k=l  n  K 

OO 

*  n!  I  ||  f*(e, )  I)  2  (by  Lemma  5.1.3  (d)) 

k=l  k  L2Or"-H™) 

=  ni  1|  f*|l  2  =  n!  ||f  ||  2  <» 

LZ(F%j2(Hs,Hq))  L^(F;^r2(HQ,H_s)) 

Then 

00 

h*(t)  (•)  =  l  <»,e.  >  h*(t)(e.) 

k=l  K  S  K 


defines  an  a.s.  dtdP  linear  operator  from  H  to  Hn.  Moreover,  from  the 

s  0 

above  calculations  h*(t,u>)  £  o2(Hq,Hs)  a.s.  dtdP.  Then 


^"h^02tHQ,„_/t=/B||h.(t)ll(,2(Hs>v 


dt  <  » 


and  the  proposition  follows  by  the  definition  of  the  -valued  stochastic 

-OO 

integral  /  h(t,w)dW  of  Proposition  4.2.5. 

°  Q.E.D. 


5.2.2  $' -valued  nonlinear  functionals 

W  VI 

Let  F  =  .  By  a  -valued  nonlinear  functional  of  (wt)te]R 

W  + 

we  mean  a  $>'-valued  random  element  F:  f2-»-  *  such  that  F  is  F  -►B^')  mea¬ 
surable,  and 


E(F[<f>])  <  »  V  <J>e  $  . 


We  denote  by  L2(ft-*-$')  =  L2((ft,FW,P) -*■  $')  the  linear  space  of  all 
valued  nonlinear  functionals  of  (Wt)tej£  •  Observe  that  it  is  not  a 


Hilbert  space. 

For  riO  let  L2(fi->-H_r)  =  L2((fl,FW,P)  -*■  H_r)  be  the  Hilbert  space 

of  all  FW-measurable  elements  F:  £l-*-H_r  such  that  E(||  F||  2^)  <  00  .  The 
2 

Hilbert  space  L  )  is  called  the  space  of  H_  -valued  nonlinear 


functionals 


of  (Wt) 


teIR 


Wiener  decomposition  of  the  space  L  (ft-»$*)  Let  H=  L^(W)  be  the  Gaussian 
space  of  (Wt)tejp  defined  in  (4.1.25)  and  H®11  be  its  n-fold  symmetric 
tensor  product.  For  fixed  s>  0  and  ns  1  let 


(5.2.10)  Gn(H_s)  =  (ne  L2(fi-»-H_s) :  V  <f>e  H,.}  . 

Recall  that  for  all  ns  1  H®n  is  a  subspace  of  L  (ft,F^,P). 

2 

Theorem  5.2.2  (Wiener  decomposition  of  L  (ft-*-$')).  The  linear  space 
2 

L  (£!-»■  <&')  is  a  complete  locally  convex  space  in  the  topology  given  by 

2 

the  strict  inductive  limit  of  the  Hilbert  spaces  L  (J2-+-H  )  rs  0  and 

(5.2.11)  L2(fi-*>f)  =  lim  (  l  9  G  (H  )) . 

r-*»  nSO 

The  proof  of  this  theorem  is  based  on  the  following  lemmas. 


Lemma  5.2.1 

oo 

(5.2.12)  L2(fi->-4>')  =  U  L2(£2-*H  ). 

r=0  "r 

2  W 

Proof  Let  Fe  L  (ft-*- H  )  rs  0.  Then  F [<J>]  is  F  -measurable  for  all  <pe  $ 
and  E(F[4>])2<;  ||<j>  ||  2  E||  F||  \r  <  00  ,  i.e.  Fe  L2(fl-M'')  and  hence 

OO 

(5.2.13)  U  L2(!l+H  )cL2(S1^')  . 

r=0  "r 

Next  let  Fe  L^ft-*-#')  and  for  all  d> e  $  define  V2 (<j>)  =  E(F[<J>])2. 

Then 

(  5.2.14)  V2(4>)  <  »  V  $e  $  . 


As  in  the  proof  of  Proposition  4.2.3  and  Theorem  5.2. 1> using  the 
continuity  of  F  on  $  and  Fatou's  lemma,  one  can  show  that  V(<j>)  is  a  lower 


seraicontinuous  function  of  4>.  Moreover  it  is  non-negative  and  satisfies 
conditions  (a),  (b)  and  (c)  of  Lemma  4.1.1.  Then  V($)  is  a  continuous 


function  on  4>  and  hence  there  exist  0->  0  and  rc>  0  such  that 

F  F 


(5.2.15) 


V2(<J>)  =  E(F(<j>))2  <  0  ||  4)  1 1  2  v  <|>e  $  . 

F  rF 


Let  rir.+  r.,  then  the  imbedding  of  H  into  H  is  a  Hilbert - 
r  l  r  Tp 


Schmidt  map.  Take  (Jk  =  (1+X^)  ,  then  is  a  CONS  in  Hr  and 


E(  I  F[$  ]2)  =  l  E(F  [#.])“  =  l  ) 
j=l  3  j  =  l  3  j  =  l  3 


2  ~ 


sflpl  II^JI  I  -  eF  2  <1+ty 

j  =  l  J  rF  hj=l  3 


-2(r-rJ 


S  00,  <  OO 


F  1 


where  6^  is  as  in  (4.1.4).  Then  IJ_^F[(j>^.]2  <  °°  a.s.,  and  if  }j^l  iS 


the  CONS  in  H_r  dual  to  {<J> ^ j 


P ( F (to)  =  l  FW.](w)i|».<»)  =  1 
j=l  3  3 


and  FeH  a.s.  .  Moreover, 
-r 


E|!  F||  2=  l  E<F,(1+X  )r4».>t=E(  l  F[$.]*)<-  . 
'r  j=l  3  3'T  j-1  3 


r.  .2 


2 

ri  i  *•> 


It  remains  to  show  that  for  each  4>e  $  F [<}>]  =  F[4>] .  By  using  (5.2.15) 
m 


m 


since  L 4>i  #  in  H 

in  a 

E(F [4>3  -  l  F  [4>.]ij;.  [<(>])  =  E (F  [<f>  -  £  «M.>  <M) 
j=l  3  3  j=l  3  T  3 

m  ^  ^  « 

5  ep II  <P  -  I  II  r  0 

j=l  3  r  3 


as  m-*- 00 


and  therefore  for  each  <j>e  $  F[<J>]  =  F[<j>]  a.s.  . 


Thus  if  Fe  L2(ft->- $')  there  exists  r2  0  such  that  Fc  L2(fi->-H_r) 


which  together  with  (5.2.13)  implies  (5.2.12). 
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Lemma  5.2.2  For  ri  0  and  ns  1  let  Gn(H  )  be  as  in  (5.2.10).  Then  for 

2 

fixed  r>  0  G^CH  p  ni  1  are  Hilbert  subspaces  of  L  (ft  +  H  p  such  that  if 

2 

n^m  Gn(H  p  and  Gm(H  p  are  orthogonal  in  L  p  . 


Proof  We  first  prove  that  for  each  nil  G^(H  )  is  a  Hilbert  subspace 
2 

of  L  (f2-*H  p  .  Let  be  a  Cauchy  sequence  in  G^CH  p,  then  nk  -*•  n 

2  k-*00 

in  L  (ft-»-H  ).  Since  for  each  4>e  H 

-r  -r 


|nk[<J>]  -  n  [<W  |  *  Ik  II  rll  nk-n||  _r 


then  for  each  <j>eHr  nk[<j>]  -+  n[4>] 


in  L2(Q,FW,P). 


But  by  hypothesis  nk [4>]  «  H&n.  Then  since  H°n  is  a  closed  subspace  of 

L2(ft,FW,P),  for  all  <pe  H_r  i.e.  n  e  G  (H  )  ,  proving  that  Gn(H_p 

2 

is  a  closed  subspace  of  L  (ft-*-H  p  for  n>  1. 

Next  if  n^m,  let  nn€  Gn(H_p  ,  nme  Gm(H_p  and  tek>k2;1=  { (l+XpkjJ^ 

a  CONS  for  H  .  Then 
-r 


00  00  -2r 

B<V  V-r'Jj^V  V-^VV-r*  E(nnMkInmWkI)  s  0 

since  nn[<j>k]e  €  ^  *  and  an<*  ^<9m  are  orthogonal  in 

L2(«,FW,P). 

Q.E.D. 


The  following  result  is  the  Wiener  decomposition  of  the  space 

2 

L  (Q-*H  p.  A  proof  of  it  appears  in  Miyahara  (1981)  for  a  general  Hil 

2 

bert  space  K,  i.e.  for  L  (ft-*  K)  . 


Lemma  5.2.3  For  each  ri  0 


L2(fi  +  H  )  =  l  9  G  (H  ). 
^  -r'  -r 


183 


Proof  Let  {e.  ,  be  a  CONS  for  H  and  qc  L^(ft-*H  ),  i.e.  n  is  F^- 

-  k  kil  -r  -r 


2 

measurable  and  E 1 1  n  1 1  r<  00  •  Then 


2 

n(w)  =  l  <n(u),ev>  e,  (L  (ft-*H  )  convergence) 
k=l  k  -r  k  -r 

2  2  W 

where  E(<n»ejt>  )  <  00  all  ki  1,  i.e.  <n>e^>  L  (ft,F  ,P)  and  therefore 

CD 

2  r  k  2 

<n,e,>  =  2,  x  (L  (ft) -convergence) 

k  -r  «  n 
n=l 


where  for  each  k  x  e 

n 


k  H®"  1,2  1. 


Define 


n  =  )  x  e.  . 
n  , L.  n  k 
k=l 


We  now  prove  that  for  each  nil  r^e  G^CH  )  .  Note  that 


£  .  0  0 
k 1 2.  r  ni  ki2 


eii  i  <<»kii-r-E(  i  i<i2>  °i*k\ 

k=m  k=m  k=m 

£  2 

£  l  E(<n,e.  >  )  -*  0  as  m,£  -*  00  . 

kiv  "  r 

=m 


con- 


111  k  2 

Then  {  jx^ejc^jc>1  is  a  Cauchy  sequence  in  L  (ft-*  H_r)  and  therefore 
verges  to  a  limit  denoted  by  r^. 

Next  if  <pe  Hr  nn [4>]  =  Ik=lXnek^€  N°n  n-  1>  i-e*  Gn(H_r)  ni  1  . 
By  construction  of  mil  if  converges  in  L^(ft-*H_r)  it  must 

Zn 

is  a  Cauchy  sequence: 


£  2  £ 


Ell  Z  ^llfr-Z  E|tnmM  -  I  I 

m=n  m=n  k=l  m=n 


«  00  OO 

’l  IEI^I  • 


Zo  k  2 

E I  x  I  ->-0  as  n,£  ■*  ®  ,  therefore 
m=n  '  m'  ’  ’ 

Ell  l  n  ||  2  +0  as  n,£  -*•  00  . 


m=n 


pOO  2 

Then  ^_^nn  is  an  element  of  L  (ft-*  H  )  and  of  In2g®  Gn(H  r) »  which 
equal  to  n  a.e.. 


is 


Proof  of  Theorem  5.2.2  Since  L  (Q+H  r)  c  L  (Q->-  H  f°r  all  r£  0 

the  theorem  follows  by  Lemmas  5.2.1  and  5.2.3  and  the  following  result 

(Theorem  V.15  of  Reed  and  Simon  (1980)):  Let  X  be  a  real  vector  space 

00 

and  be  a  family  of  subspaces  with  X^  Xn+^,  X  =  U  X^.  Suppose  that 

n=l 

each  X^  has  a  locally  convex  topology  so  that  the  restriction  of  the  topo¬ 
logy  of  X^+i  to  Xn  is  the  given  topology  on  X^.  Let  U  be  the  collection 
of  balanced,  absorbing,  convex  sets  0  in  X  for  which  On  is  open  in  Xfi 
for  each  n.  Then  a)  The  topology  generated  by  U  is  the  strongest  locally 
convex  topology  on  X  so  that  the  injections  xn'*'x  are  continuous;  b)  The 
restriction  of  the  topology  on  X  to  each  X^  is  the  given  topology  on  X^; 
c)  If  each  Xn  is  complete,  so  is  X.  The  locally  convex  space  X  is  called 

the  strict  inductive  limit  of  the  spaces  X  . 

n  Q.E.D. 

Define  for  n£  1  Gn($')  =  {pe  L2(S1-*- $•)  :  n[4>]  e  H®11  V<j>e4>}.  The 

following  lemma  can  be  proved  in  the  same  way  as  Theorem  5.2.2,  using 

®n 

Lemma  5.2.2  and  the  fact  that  for  each  ni  1  H  is  a  Hilbert  subspace 
of  L2(n,FW,P)  . 


Lemma  5.2.4  For  each  n£  1,  the  linear  space  Gn[$']  is  a  complete  local 
ly  convex  space  in  the  topology  given  by  the  strict  inductive  limit  of 
the  Hilbert  spaces  G  (H  )  r^O,  i.e.  G  ($>')  *  lim  G  (H  ). 

p-KX> 

Multiple  Wiener  integral  orthogonal  expansions  Let 

SY={Yn(fn):  fn£  l2(IR"'+02(HQn,H-s))  n~  X>  s-0}* 

2 

We  shall  show  that  is  a  complete  set  in  the  space  L  (&-*■$').  We  see 
from  Theorem  5.2.2  and  Lemma  5.2.1  that  it  is  enough  to  study  the  com¬ 
pleteness  of  the  multiple  Wiener  integrals  in  each  of  the  subspaces 
L2(fi+H  )  r;>0. 


AD-A159  181 
UNCLASSIFIED 


PRODUCT  STOCHASTIC  MEASURES  MULTIPLE  STOCHASTIC  3/3 

INTEGRALS  AND  THEIR  EXTEN.  .  (U)  NORTH  CAROLINA  UNIV  AT 
CHAPEL  HILL  CENTER  FOR  STOCHASTIC  PROC.  . 

V  M  PEREZ-ABREU  C.  JUN  85  TR-1B7  F/G  12/1  NL 


For  rfcO  let  S*  be  the  closed  subspace  of  L  (fl-*-H_r)  spanned  by  the 
multiple  Wiener  integrals  Y  (•)  of  Proposition  5.2.3.  for  elements  in 
L2(»;-o2(I^lfH  _r)),  i.e. 

sj  *  ^  <V  V  ;  V  nil) 


2 

where  the  closure  is  taken  with  respect  to  L  (R-*-H  ) . 

Although  multiple  Wiener  integrals  on  Hilbert  spaces  have  been  studied 
before  (Miyahara  (1981))  an  analog  of  the  next  result  was  not  found  in 
the  literature. 


Proposition  5.2.S  For  each  ri  0 

2  K  r 

(5.2.16)  02(EXP(l/(IR4)«HQ),  H_r)  Sf  S* 

where  for  gc  a2(EXP(L2(K+)  •  HQ)  ,  H_f)  ,  g*  =  Cg*,gJ...O 


g;«  o2(Hi,(L2(lR+)mHQ)®n)  nil 

°°  2 

£(g)  3  l  Yn(gn)  (convergence  in  L  (fi-*H_r)). 

n=l 


Proof  Let  g€  a2(EXP(L2(]R +) ®  HQ) ,H_r) ,  then  g* e  a2(Hr,EXP(L2(R  +)  •  HQ)) , 
i.e.  for  each  4> e  Hs  g*(<|>)  e  EXP(L2(F  +)  •  H^) ,  g*(<j>)  ■  (g*(<t>)  ,gj(4>)  , . . .) 


and 


l  llg*(<J>)ll  2  ^  <  °° 

n=0  n  (LZ(lR+)«HQ)®n 


We 


®n. 


first  show  that  for  each  ni  1  g^e  o2(Hr>(L  (]R+)®Hq)  ).  Let 


{e  )  ..  be  a  CONS  in  H  ,  then 
m  mzi  r 


llU*(e.)||2  2 

m«l  EXP(L^(IR+)«HQ) 


and  hence 


I  II  g*(em)  II 


m'  •'  2  "  l  l  H  II  2  en 

m*l  EXP(L  (1R+)«Hq)  m=l  n=l  n  '*z'"  '®n 


(LZ(]R+)«Hq)< 


=  1  I  IU;(em)H  2  ®n 

n=l  »=1  n  m  (L2^)®^)®" 


<  00 


Thus  for  each  n  and  {e  }  .  ,  a  CONS  for  H 

m  mil  r 


®n 


<  oo 


x.e. 


I  l|g*(en)||2  2 

m=l  n  m  (LZ(R+)®HQ) 

g*€  a2(Hr,(L2C]R+)®Hp)®n)  nil. 


Next,  if  g €  c?2 (EXP (L  (lR+)«Hp),  H_r)  using  Proposition  5.2.3  (b) 

E|U(g)IL2  -I  EIIVgn)ll-r 


ii  2 


1  I  II  g,,  II  2  n  ®n  t  n  *n  1 1  9 

n=l  ^  L  1 1R ”-*o2 (Hp  »H_r) )  n=l  n  a2(Hr,LZ(lR+)®HQ)®n) 


I  Hg*ll 


-l  HI  g*(effl)  ||  2  2  nig*(en)||2  2 

n=l  m=l  n  “  (LZ(JR+)»HQ)TO  m=l  “  EXP(LZ(R +)®HQ) 

=  II  s* II  2  =  ||g  ||  2 

a 2 (Hr , EXP ( L2 ( IR  +) «HQ) )  a2 (EXP ( L2 ( R  +)«HQ) , H_r) . 


Then  the  result  follows  since  g  as  above  is  a  typical  element  in 
a?(EXP(L2(Rj®Hn),H  )  riO. 

2  Q  Q.E.D. 

The  completeness  of  the  multiple  Wiener  integrals  Yn(fn) , 
fne  L2(R ”-*■  a2(H^n,H  f))  in  L2(n-*H  is  now  obtained. 

Proposition  5.2.6  Let  r i  0  and  F  c  L2 (Q+  H  ) ,  E(F) *  0.  Then 

oo 

F  =  I  Yn^n^  a,s’  (convergence  in  L  H  )) 
n=l 

where  f  e  L2(R ^(H?0,  H  ))  ni  1. 


8 


Proof  By  Lemma  5.2.3  L  (fl+H  )  *  £  ®  G  (H  )  where  for  each  na  1 

rtfeO 

Gn(H-P  "  {r)£  1)[^€  ^  V  *6  HrK 

Then  by  Proposition  5.2.5  it  is  enough  to  prove  that 
2  Gn  Yn 

a2C(LZ(K+)»HQr\H_r)  =  Gn(H_r). 

But  the  last  isometry  follows  from  Proposition  5.2.4  and  since  from 
Lemma  5.1.3  and  Proposition  5.1.2 

(L2(IR+)®HQ)®n  s"  H®n 


where  In(*)  is  the  real  valued  multiple  Wiener  integral  of  Definition 
5.1.5  for  elements  in  L2 (»"-•■  H?")  . 

X  «  t 


Q.E.D 


The  above  proposition  and  Theorem  5.2.2  yield  the  next  result  which 
gives  multiple  Wiener  integral  expansions  for  -valued  nonlinear  func¬ 
tionals. 


Theorem  5.2.3  Let  Fc  L  (fl-*-#*),  E(F[$])  =  0  V  $.  Then  there  exists 

rc >  0  such  that  Fe  H  a . s .  and 

F  rF 

F  *  £  Y  (f  )  a.s.  (L*(fl-»-H  ) -convergence) 

n=l  n  ”rF 

where  f  «  L2(1r"-*-  o,(H?\  H  ))  nz  1. 
n  ▼  £  v< 

Corollary  5.2.1  For  nil  let 

00 

o2((L2(IR)»H  )•",**)  =  U  02(CL2(F)®H?1),H  ). 

y  r*0  ^ 


-  0„((L2(in®  . 


Then 


The  proof  follows  from  the  last  part  of  the  proof  of  Proposition  5.2.S 
and  from  Lemma  5.2.4. 


t 

1  Stochastic  integral  representations  for  $' -valued  nonlinear  functionals 

From  Proposition  S.2.4  and  Theorem  5.2.3  one  obtains  the  following 

2 

stochastic  integral  representation  for  elements  in  L  (ft-*#1).  This  result 
is  the  ^'-valued  analog  of  Theorem  6.7.1  in  Kallianpur  (1980),  from  which 
I  the  idea  of  the  proof  is  taken. 

2 

Theorem  5.2.4  Let  Fe  L  (£)-*•♦')•  Then  there  exist  rp>  0  and  a  non-anti- 

cipative  a~(H_,H  ) -valued  process  h  with 

v  ~rF 

00  2 

(5.2.17)  /  E||h(t,w)|r  dt<» 

o  °2inQ'"-rFJ 

|  such  that 

00 

F(cd)  »  /  h(t,u)dWt  a.s. 
o 

where  the  RHS  in  the  last  expression  is  the  -valued  stochastic  integral 

of  Proposition  4.2.5  with  an  H  continuous  version. 

~rF 

2 

Proof  Since  Fe  L  (fl-*’$')  from  Lemma  5.2. 1  and  Theorem  5.2.3  there 

exists  r_>0  such  that  FcH  a.s.  and 
F  -rp 

00 

F  =  J  Y  (fn)  (L2(fl-*H_  ) -convergence) 

n»l  n  ~rF 

where  f  c  L2 (1R o,(H?n,H  ))  nil. 
n  ♦  y  -Tp 

Next,  from  Proposition  5.2.4,  for  each  ni  1 

oo 

Y  (f  )  *  /  h  (t,w)dW.  a.s. 

nv  n'  J  nv  ’  '  t 


where  h  is  non-anticipative  and  E  J°“  ||  h  (t,u>)||  „  m  u  »dt  <  ®  ,  and 
“  />  n  a2l"o*-r  ' 


the  -valued  stochastic  integral  is  defined  in  Proposition  4.2.5. 


Define  e  *  \  h0,  then 
^  A=1  * 


n 


l 

Xs  X  o 


and  hence 


(5.2.18)  E|1  F- /  gn(t,0J)dWt||  fr  -0  as  n-«  . 


o  'F 

Then  using  Proposition  4.2.5  (d) 


B  J  II  «,(»)-*.(«)  ||*H  jdt  -  E||  /(Vg,)(t)d»t||?_ 


2 v  Q*  -r 


■>  0  as  n.m-*- 00 


and  hence  there  exists  a  a-Oi-.H  ) -valued  function  g,  that  satisfies 

h  -rp 


(5.2.17),  is  non-anticipative  and 

OO  CO 

2 


I  -V  OO 


Ell  /  hdw  -  /  «ndwt I!  _--*•<>  as  n- 

o  t  o  ^  z  rF 
Then  from  (5.2.18)  F  ■  hdWt  a.e.  where  h  has  the  required  properties. 


Q.E.D. 


Representation  of  -valued  square  integrable  martingales 

Definition  5.2.2  A  $* -valued  stochastic  process  (xt)t€n  on  (fl,F,P)  is 
said  to  be  a  $ '-square  integrable  martingale  with  respect  to  an  increasing 
family  (^telR  su^  a"^e^s  of  F  if: 

For  each  <M  ♦  (X^ [♦] ,Ft) t€ K  is  a  real  valued  square  integrable 

martingale,  i.e. 


(5.2.19)  sup  EXT [♦]  < 
0st<«  T 


Although  the  next  proposition  follows  from  condition  (t)  in  Mitoma 


( 1981b)  (page  193),  we  shall  establish  and  prove  it  here  in  a  way  that 
is  more  convenient  for  use  in  our  next  theorem  on  the  representation  of 
* '-valued  square  integrable  martingales. 

Proposition  5.2.7  Let  (X^.F^)  te  IR+,  Xo=  0  be  a  4' -valued  square  in¬ 
tegrable  martingale.  Then  there  exists  rx>0  such  that  for  each  te  1R  + 

X  «H  a.s.  .  Moreover,  for  each  <J>e  4  let  X  (4)  be  the  mean  square 
X  - 

limit  of  X.(4)  as  t-*-®.  Then  there  exists  X  e  4'  a.s.  X  e  L^(0-*-4') 

X^c  L2(fl-»-H  )  such  that  *  X  [4]  a.s.  V  4«  4  and  for  ta  0 

X 

Xt £4]  *  E(Xoo[4]|Ft)  a.s.  V  4*  4. 

The  proof  is  similar  to  the  proof  of  Lemma  5.2. 1  and  therefore  we  will 

omit  some  details.  In  Lemma  5.2.1  we  have  proved  that  for  each  t, 

2  h 

(E(Xt[4l)  )  is  a  lower  semicontinuous  function  of  4*  Then  by  Lemma  1, 
page  5,  of  Gelfand  and  Vilenkin  (1964) 

V (4)  =  sup  (E(X  [4])2)’5 
0£t<°° 

is  also  a  lower  semicontinuous  convex  function  of  4*  Hence,  by  Lemma 
4.1.1,  since  by  (5.2.19)  V(4)  <  ®  V  4«  4,  there  exist  0X>  0  and  sx>  0 
such  that 

v2(4)  *  0xll4ll  ,  v  4 «  4. 

Then  taking  rx*  sx+  Tj  one  can  show  that 

OO 

(5.2.20)  E(  l  (X  (4.))2)  *  V,  <  00 

j-1  3  X  1 

~  "Tv 

where  (4j *  (1+Xj)  4j)jSl  is  a  CONS  for  with  dual  which  is 


a  CONS  for  H  .  Define 


(5.2.21) 


K-.l 

3=1  J  J 


then  is  H_r  -valued  a.s.  and  therefore  X^e  ♦'  a.s.  .  Note  that  froa 
(5.2.20)  and  (5.2.21) 


E(U<J>])2  £  °xeill  ♦!!  rx<- 


and  therefore  X^e  L 2(ft-*^'),  X  e  L2(fl->-H  ) 

"rX 

that  X  f<|>)  -  X  f<J>]  a.s.  V  ♦  . 


Then  it  remains  to  prove 


From  (5.2.21) 


•  I  a.s.  <MH 

j=l  33  rX 


and  then 


XJ*]  -  li«  I  ».[♦]  . 

n-Ka  j.i  *  3  3 

On  the  other  hand,  since  X  (♦)  is  linear  on  ♦  a.s. 


ECXJ40  -  XJ  l  «M  >  ?  ))2-  E(XJ*-  l  <♦,*.>  5J) 
i=l  3  rX  3  j=l  3  rX  J 

n  ~  ~  2 

5  9vl!  <J»  -  I  ♦  •||_  "*■  0  as  n-*-®  . 

A  j=l  3  Tx  3  rx 


A 


X.W)  *  X  M  a-S-  V*c*. 


Q.E.D. 


The  following  theorem  is  the  ♦'-valued  analog  of  Theorem  6.7.2  in 
Kallianpur  (1980). 

w 

Theorem  5.2.5  Let  *  x0*  0»  be  a  ♦'-valued  square  integrable 

martingale.  Then  there  exists  r„>  0  such  that  X*.  has  an  H  continuous 

A  V  "Ty 

version  Xt  given  by  the  stochastic  integral 

t 

(5.2.22)  Xt(«)  «  /  h(s,w)dWs  a.s. 


-  -  ;>  ;:^y  v;: 
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for  every  t£0,  where  h(t,w)  is  non-anticipative  and 
00  2 

(5.2.23)  /  E||h(t,«)||0  (H  >H  )dt<“ 

o  2V  Q*  -r^ 

and  the  RHS  of  (5.2.22)  is  the  -valued  stochastic  integral  of  Prop¬ 
osition  4.2.5. 

Proof  By  Proposition  5.2.7  there  exists  rx>  0  and  X^c  such  that 

W 

X  £  H  a.s.  and  for  each  t>0  X  (♦)  ■  E(X  ($) |F  ) .  Then  by  Theorem 

~rx  z 

5.2.3  there  exists  a  non-anticipative  o,(Hn,H  )-valued  process  h(t,u>) 

*  w  “rX 

which  satisfies  (5.2.23)  and 

oo 

X  fu))  =  /  h(y,u))dW  a.s.  . 

o  U 

Then  the  result  follows  using  Proposition  4.2.5,  from  which  the  H  con- 

-rx 

tinuous  version  is  also  obtained. 

Q.E.D. 

Remarks  Our  results  in  Sections  4.2,  5.1  and  5.2  may  be  applied  to  the 
examples  considered  in  Section  4.1.3  to  construct  stochastic  integrals, 
multiple  Wiener  integrals  orthogonal  expansions  and  stochastic  integral 
representations  for  nonlinear  functionals  of  a  multiparameter  Gaussian 
process  (Example  4.1.6),  a  cylindrical  Brownian  motion  (Example  4.1.7) 
or  an  infinite  sequence  of  independent  Brownian  motions  (Example  4.1.8) 
as  well  as  to  the  finite  dimensional  Gaussian  process  with  independent 
increments  (Example  4.1.9). 

Throughout  Chapters  IV  and  V  we  have  made  the  assumption  that  ♦  is 
a  countably  Hilbert  nuclear  space  of  the  kind  defined  in  Example  4.1.1, 
which  has  the  special  property  of  having  a  common  orthogonal  set 


APPENDIX 


A.  INFINITE  TENSOR  PRODUCTS  OF  HILBERT  SPACES 


We  present  here  some  material  on  infinite  tensor  products  of  Hilbert 
spaces  following  Guichardet  (1972) . 

Let  (H^  j  be  a  family  of  Hilbert  spaces  and  for  each  ie  I  a  unit 

vector  u.<H..  Let  u  =  (u.).  T  be  fixed.  Consider  a  family  x.  e  H.  ic 
lx  -  l  lei  it 

such  that  x^=u^  for  all  but  a  finite  number  of  i's.  Elements  of  this 
form  are  called  Elementary  Decomposable  Vectors  and  are  denoted  by  ®  x. . 


They  form  a  pre -Hilbert  space  with  inner  product 


<®x  ,®y  >  =  n  <x.  *y.>H 
i  i  .€l  i  i  H. 


whose  completion  ®  H.  is  called  the  Infinite  Tensor  Product  Hilbert 
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Then  the  mappings  Lj  ^  are  isometric  and  form  an  inductive  system,  i.e. 
for  Jc  Kc  M 


LJ,M  =  LK,M°  lj,k  • 


u 


Then  ®"H.  is  the  inductive  limit  of  the  above  system.  Denote  by  L, 
id  1  J 

the  canonical  injection 

u 

H.....  -*■  ®”h.  . 

(J)  .  T  x 

v  '  1£  I 

u 

The  next  result  identifies  some  elements  of  ®~ H.  . 

id 

Proposition  A1  Let  (xi)icI»  xicHi  be  a  family  of  vectors  satisfying 
the  following  two  conditions: 


CD 

and 

(2) 


I  lllxjll^-ll  <» 


y  i<x.,u.>„  -  ii  < 
h  1  l  l  H. 


Then  II 1 1  x.  ||  ^  exists,  and  it  is  null  if  and  only  if  one  of  the  x-^s 
i  1  i 

is  null.  The  family  of  vectors 


icJ 


u 


has  a  limit  in  ®~H.  denoted  by  ®x.  whose  norm  is 
id  1  1 


A  H  Xi II  H.  ' 


id 


Moreover,  lim  ||  ®  x.  -  ®  u.  ||  =  0. 

J  id-J  1  id-J  1 


Proof  See  page  150  Guichardet  (1972) . 
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A  family  (x^)^6j  satisfying  (1)  and  (2)  in  the  above  proposition 
is  called  a  Decomposable  Vector.  For  any  two  decomposable  vectors  we 
have 


and 


l  l<xi»yi>H  -  !|  <  °° 
i  i 


<  ®x.,  ®y->  =  II  <x.,y.>LI 
i’  i  ■'i  H. 

i 


i 

I 


i 
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